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Abstract
The single and double ionization of helium in intense 2ω:ω bicircular laser fields is analyzed
with a classical ensemble method. A high-performance computational cluster is utilized to
generate high-resolution data and to probe low-rate events. It is found that both counter- and
co-rotating fields support rescattering and non-sequential double ionization (NSDI). The
effects of scattering off of the ionic core are evident in the single-ionization energy spectra,
and the role of the Coulomb potential is clearly visible in the electron momentum
distributions. The dynamics of the double ionization processes are investigated by analyzing
ionization phase, electron energy and momenta, and rescattering timing. For corotating fields,
rescattering is only possible for ionization near the field minimum, placing limits on the
efficiency of NSDI. For counterrotating fields, the electron trajectories that contribute to
rescattering are found to fall into only three categories (looping, triangular, or a combination
of the two), and the contributions from these trajectories is distinguishable in the resulting
double-ion electron momentum distributions. This study explores the full range of field
amplitude ratios that contribute to the dynamics of rescattering, and therefore provides an
overall view of the limitations of using bicircular fields for applications in strong-field physics.

Keywords: strong-field physics, intense laser ionization, bicircular laser fields, classical
ensemble simulations
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1. Introduction

In 1966, it was discovered that intense pulses from a ruby
laser could be used to ionize xenon atoms [1]. In spite of the
low photon energy compared to the atomic ionization poten-
tial, and counter to the traditional explanation of the photo-
electric effect, it was found that ionization occurred readily,
and that the ionization yield had a strong non-linear depen-
dence on intensity. This phenomenon could be either explained
by considering the simultaneous absorption of many photons,
so-called multiphoton ionization, or with a classical view of
the laser pulse, where the strong field distorts and suppresses
the Coulomb barrier leading to tunnel ionization.

Years later, it was found that more than one electron could
be liberated with a single pulse, leading to double ionization
[2]. The observed double-ionization yield curves indicated that

a more complex process, beyond simple tunnel ionization, was
at work [3, 4]. Rather than mimicking the steep, monotonic rise
of the single-ion yield curves, the double-ion curves exhibited
an enhancement of several orders of magnitude over what was
expected from sequential ionization, where single and dou-
ble ionization would be considered to occur independently.
It was clear that a form of non-sequential double ionization
(NSDI) would be needed to describe the observed ‘knee’ of
enhanced double ionization.

A simple semi-classical model known as rescattering was
developed and has since been used for decades to help describe
strong-field phenomena [5–8]. In this three-step process, a sin-
gle electron is liberated via tunnel ionization through the laser-
suppressed Coulomb barrier. After gaining kinetic energy in
the oscillating laser field, it is driven back to the parent ion,
where it may impact the ion and lead to double ionization.
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Consequences of this mechanism have been observed exper-
imentally with ion yield curves [3, 4], electron energy spectra
[9] and ion and electron momentum distributions [10], and
also with the observation of high-harmonic generation (HHG)
[11–13].

Since the rescattering mechanism, and hence HHG and
NSDI, rely on returning electron trajectories, these processes
are most efficient for linear polarization, are reduced dramat-
ically for increased ellipticity, and are typically absent for
circular polarization [14]. But in 1995 it was observed that
high-order harmonics could be generated with short pulses of
two-color, circularly polarized light [15]. Here, the fundamen-
tal frequency of an ultrashort Ti:S laser was combined with its
second harmonic, creating either counter- or co-rotating bicir-
cular laser pulses. Efficient harmonic generation was observed
with counterrotating fields, indicating a strong effect from
returning electron trajectories. Since then there has been a
great deal of theoretical and experimental work examining the
interaction of bicircular pulses with atoms, most notably in the
last few years [16–39].

In this paper, we present results from a large-scale classical
ensemble simulation. By utilizing a high-performance com-
putational cluster, a vast amount of data is generated across a
broad set of conditions. The full range of the two-color field
amplitude ratios that leads to rescattering is probed at high
resolution, providing a complete look into the strong-field ion-
ization of helium with bicircular pulses. Data that is exper-
imentally accessible, such as ionization yield and electron
energy and momentum, is presented alongside parameters that
are not directly observable, such as ionization phase, rescatter-
ing timing, and electron trajectory patterns. The effect of the
Coulomb potential is observed in the single ionization elec-
tron momenta, and double ionization yield, ionization phase,
and electron energies are mapped out in great detail. Finally,
various ionization pathways are connected to the resulting
electron momentum distributions, showing how these pro-
cesses can at least in part be discerned experimentally.

2. Methods

2.1. Classical ensemble

In this paper, and in our recent work [34], we employ a clas-
sical ensemble approach, where a completely classical model
atom with a softened potential is used to simulate the atomic
interaction with the laser pulse [34–48]. The Hamiltonian for
this model atom is (in atomic units)

H =
p2

1
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+

p2
2

2
− 2√

r2
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2 + a2
+
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r2
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where p1 and p2 are the electron momenta, r1 and r2 are the
electron–ion distances, r12 is the distance between the elec-
trons, and a and b are the softening parameters (equal to 0.825
and 0.10, respectively). The value of the a parameter is cho-
sen such that the model atom is stable with the correct ground
state energy, and the value of the b parameter is selected to

ensure strong e–e interaction while avoiding computational
issues [48]. The classical ensemble technique is a natural fit
for studying rescattering processes and has become widely
adopted since its initial development in the 1990s.

As a purely classical technique, this method allows for
excellent physical insight into strong-field processes, and com-
plements the intuitive nature of the rescattering picture. In
this work, we utilize a high-performance cluster to generate
a large amount of computational data across a wide range of
field parameters, allowing for the generation of high-resolution
results and analysis of low-yield events. The number of sim-
ulation runs performed here far exceeds the typical classi-
cal ensemble study. For example, in our previous work [34],
the results presented were produced from a total of ∼107

events, while in this paper, roughly 1010 simulations runs
were used. Where it was previously only possible to create
individual curves of yield, energy, and timing information,
we are now able to generate complete maps of these param-
eters, uncovering novel patterns of ionization dynamics.

2.2. Simpleman model

To help set the stage for the full results from our classical
ensemble simulations, it is useful to first examine an elemen-
tary scenario. With the so-called ‘simpleman’ approach [25,
49–52], an electron is released into the field with zero initial
kinetic energy, the effect of the Coulomb potential and elec-
tron–electron correlation is neglected, and pulse width effects
are ignored. The well-known results from this model include
the presence of returning trajectories for linear polarization
(and their absence for circular polarization), and the observa-
tion of final electron energies ranging from zero to 2Up (where
Up is the ponderomotive potential of a quivering electron in
the laser field) depending upon the electron’s release phase.
The simpleman model also gives the final electron momenta
as equal to the negative vector potential of the laser field at the
time of electron release.

Figure 1 shows the electric field (black line), the negative
vector potential (red line), and a simple electron trajectory
(blue line) for several different field parameters. In all cases
the field is composed of the fundamental frequency and its sec-
ond harmonic, both with circular polarization, and rotating in
opposite directions (counterrotating, lower sign below) or in
the same direction (corotating, upper sign below), given by

E =
E0

1 + β
·
(

cos (ωt) ŷ − sin (ωt) x̂
+β cos (2ωt) ŷ ∓ β sin (2ωt) x̂

)
. (2)

With this definition, even when the 2ω:ω amplitude ratio (β) is
varied, the peak electric field amplitude will remain fixed and
equal to E0. By taking the cycle average, the intensity is then
given as

I =
2(1 + β2)
(1 + β)2

I0, (3)

where I is the true intensity of the bicircular field and I0 is the
intensity of single-color, linearly polarized light with the same
peak amplitude E0. We refer to I0 as the ‘normalized intensity’,
and this scaling convention is used throughout the paper. Since

2



J. Phys. B: At. Mol. Opt. Phys. 53 (2020) 185601 J L Chaloupka

Figure 1. Plots in the transverse plane of the electric field (black line), negative vector potential (red line), and the simpleman electron
trajectory (blue line) are shown for (a)–(c) counterrotating and (d)–(f) corotating bicircular fields. The dot in each panel indicates the peak of
the field for counterrotating fields, and the minimum of the field for corotating fields, and corresponds to the instant the electron is released
into the field for the trajectory shown. For all cases the peak electric field amplitude is held fixed. The scales on the plots are arbitrary but
consistent across all panels (the trajectory plots are magnified by a factor of three and two for the β = 2.0 and β = 3.0 cases, respectively).

the peak electric field amplitude is the same for a given normal-
ized intensity, this allows for a direct comparison of ionization
dynamics for all the field configurations presented in this arti-
cle (for single-color fields with ellipticity ε, the scaling is given
by I = (1 + ε2)I0).

In figures 1(a)–(c), a counterrotating field gives rise to
three-fold symmetry in both the electric field pattern and the
negative vector potential (and hence the expected electron
momentum distribution), and results in a variety of interest-
ing electron trajectories. The dot in the figures indicates the
peak of the electric field, and is the instant that the electron is
released into the field for the trajectory shown. For an ampli-
tude ratio ofβ= 2.0 (figure 1(b)), a perfect triangular returning
trajectory is observed. In figures 1(d)–(f), a corotating field
is shown, giving rise to looping patterns, where the dot here
indicates the field minimum. While for an amplitude ratio of
β = 2.0 a returning trajectory is again observed, it will be
unlikely to occur since ionization naturally peaks near the field
maximum, and the electron shown here was released at the
field minimum. This rudimentary analysis indicates that return-
ing electron trajectories can exist for both counterrotating and
corotating fields, but will occur at a significantly higher rate
for counterrotating pulses.

3. Single ionization results

3.1. Electron energies

The most experimentally accessible forms of data in the study
of strong-field physics are ionization yield curves and elec-
tron energy spectra. In fact, the observation of the dramatic

nonlinearity of the yield of Xe+ as a function of laser inten-
sity over 50 years ago [1] can be considered to mark the birth
of intense laser–matter physics. But it was the observation of
the electron energy spectra that gave significant insight into the
actual processes at work [53]. The observation of a peak at zero
energy and a drop-off to 2Up is consistent with the release of
an electron into the field for a range of phases, but peaked near
the field maximum. And a high-energy tail extending to 10Up

is explained by considering elastic scattering of the electron
off of the ion core.

In figure 2, electron energy spectra from our full simulation
are presented. Here, and throughout the paper, a 10 fs pulse is
focused to a 10μm waist, and the model helium atom is located
at the center of the focus [34]. The range of final electron ener-
gies allowed within the simpleman model is shown shaded and
bound by dashed lines. For bicircular pulses, this energy range
is identical for a given amplitude ratio for both counterrotating
and corotating fields [25]. In fact, the final electron momen-
tum, as predicted by the value of the negative vector potential,
is exactly the same for counterrotating fields when the release
phase is measured from the peak of the field, as it is for corotat-
ing fields when the phase is measured from the field minimum.
A high-energy tail in the electron energy spectra is an indica-
tion of scattering off of the ion core, and is strongest in cases
where returning electron trajectories are likely (linear polar-
ization and counterrotating bicircular fields), weaker but still
evident where returning trajectories are possible but less likely
(corotating bicircular fields, in particular where β = 2.0),
and absent where returning trajectories are not supported
(elliptical and circular polarization).
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Figure 2. Single-ionization electron energy spectra for (a)–(c) 800 nm single-color pulses and 400:800 nm bicircular (d)–(f) counterrotating
and (g)–(i) corotating fields are shown for a normalized peak intensity of 5 × 1014 W cm−2. In all cases the peak electric field amplitude is
set equal to the peak amplitude of the linearly polarized case (the scaling of the true intensity (I) in terms of the normalized intensity (I0) is
shown in each panel). The range of energies that is allowed under the simpleman model (for release at any phase) is indicated by the shaded
regions. The vertical scale of each plot is normalized such that the area under the curve is equal to one. The horizontal scale in eV is the
same for each plot and is shown at the bottom of the figure. Each plot is the result of 6 × 107 simulation runs.

Figure 3. The single-ionization phase is shown for (a) single-color pulses as a function of ellipticity and for (b) counterrotating and (c)
corotating fields as a function of the amplitude ratio β, all at a normalized peak intensity of 5 × 1014 W cm−2. In all of the panels, the peak
intensity occurs at the center line (zero phase), and the top and bottom of each panel correspond to an intensity minimum (the phase values
are for 800 nm light). Each plot is the result of 3 × 107 simulation runs. Each panel is individually normalized to the peak value, and a
logarithmic color scale is used (here the color scale that spans three orders of magnitude is used).

3.2. Ionization phase and electron momenta

Figure 3 shows a ‘heat map’ of the single ionization phase as
a function of ellipticity for single-color pulses (figure 3(a)),
and as a function of amplitude ratio β for counterrotating
(figure 3(b)) and corotating (figure 3(c)) fields. Each panel is

independently normalized and the color indicates the relative
likelihood of single ionization occurring for a range of phases
with respect to the peak of the field. In each panel the center
line indicates an intensity peak, and the top and bottom of the
panel are an intensity minimum. This time scale is different
for the three cases, and in terms of 800 nm light, this gives
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Figure 4. The transverse electron momenta for (a) linear and (b) elliptical (ε = 0.5) pulses, and for bicircular (β = 1.0) (c) counterrotating
and (d) corotating fields are shown for a normalized peak intensity of 5 × 1014 W cm−2. Superimposed on the color map is the negative
vector potential corresponding to the peak intensity, indicating the shape of the momentum distribution expected from the simpleman model.
For elliptical and bicircular fields, the ionization time is imprinted onto the two-dimensional momentum distributions, and in all cases there
is a shift from the peak of ionization (lower dashed line) to the peak of the momentum distribution (upper dashed line). The momentum scale
is shown in atomic units, and each panel is the result of 6 × 107 simulation runs. The color scale spans three orders of magnitude.

a peak-to-peak phase of π for single-color pulses, 2π/3 for
counterrotating fields, and 2π for corotating fields. In all cases
the ionization peaks near the field maximum, indicating that
the shape of the field distribution does not have a significant
effect on when ionization occurs.

The ionization phase is not directly accessible by experi-
ment, but it is imprinted onto the transverse electron momen-
tum distribution. In figure 4, the momentum distributions
are plotted for linear, elliptical, and bicircular pulses. The
white line indicates the shape of the negative vector poten-
tial at the peak field intensity, showing a surprisingly strong
match between the full simulation results and the predica-
tions of the simpleman model. For elliptical polarization and
counter- and co-rotating bicircular fields, the spread of the

momentum distribution throughout the transverse plane allows
for straightforward access to ionization timing information.

In figures 4(b)–(d), the electron momentum predicted by
the simpleman model is compared to the peak of the observed
electron momentum. The lower dashed line corresponds to
the final momentum of an electron released at the most likely
ionization phase, as predicted by the simpleman model. This
is equal to the value of the negative vector potential at the
peak of the ionization distribution, and since single ioniza-
tion is at a maximum before the peak of the pulse, this results
in a counter-clockwise rotation of the electron momentum
direction. The upper dashed line corresponds to the maximum
of the observed momentum distribution heat maps shown in
figure 4. If our simulations dutifully obeyed the simpleman
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Figure 5. Ensembles of 100 electron trajectories are shown as a heat map for a β = 1.0 counterrotating pulse at 5 × 1014 W cm−2.
Simulation runs resulting in (a) and (b) high-energy electrons (>75 eV) show how scattering off of the parent ion is essential to produce
energetic electrons. Simulation runs (c) and (d) where ionization occurs very near to the peak of the laser field (within one attosecond) show
how dramatically the Coulomb interaction affects the trajectories. A single sample trajectory is highlighted for each case, and the trajectories
are shown for each case at two different length scales. The color scale is optimized to highlight the trajectories in each plot.

model, these two lines would coincide. But the dramatic sep-
aration between what is expected from the simpleman model,
and what is observed in the momentum distributions, is a fully
classical manifestation [46] of an ‘attoclock’ delay due to the
interaction of the freed electron with the Coulomb potential.
Not surprisingly, this delay is largest for the counterrotating
field, where electron trajectories are in general located closer
to the ion core. This approach has been used to experimen-
tally measure electron tunneling times [54–56], but a recent
study has indicated that this time is nearly instantaneous, and
that the observations of a rotation in the momentum distri-
butions are due only to the effect of the Coulomb potential
[57].

Both the generation of high-energy electrons and the effec-
tive delay of electron emission are a result of electron interac-
tion with the parent ion. These phenomena can be visualized

by plotting the trajectories for a small ensemble of electrons
corresponding to each case. In figures 5(a)–(b), an ensemble
of 100 simulation runs that give final electron energies greater
than 75 eV is shown, indicating how a short looping rescat-
tering trajectory is necessary to generate high final electron
energies. In figures 5(c)–(d), only trajectories for ionization
very near the peak of the field are shown. For these cases, the
simpleman model predicts a trajectory as shown in figure 1(a),
resulting in a final drift directly to the left of the figure. But
the potential of the parent ion significantly delays and distorts
this path, resulting in a final drift to the upper left, as would be
expected from a release into the field at a later time.

So just as the observation of energetic electrons liberated
by linearly polarized light is an indication of a strong interac-
tion with the ion core, a high-energy tail in the electron energy
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Figure 6. The double-ionization yield is shown for (a) single-color pulses as a function of ellipticity and for (b) counterrotating and (c)
corotating fields as a function of the amplitude ratio β, for a range of intensities. In all cases, the yield saturates at the same normalized
intensity and each plot exhibits a non-sequential ionization ‘knee’. As expected for (a) single-color light, NSDI is limited to linear or mildly
elliptical pulses, while for (b) counterrotating fields NSDI spans a wide range of field amplitude ratios. Remarkably, NSDI is present, albeit
at much lower yields, across a wide range of ratios even for (c) corotating fields. The plots are a result of (a) 6 × 108, (b) 1.2 × 109, and (c)
1.2 × 109 simulation runs. The color scale spans five orders of magnitude.

spectra with bicircular fields is a clear indication of rescatter-
ing. But with bicircular fields there is an even more powerful
and sensitive measure of this effect, namely, the observable
effect on the final transverse electron momenta.

The single ionization results presented here are consistent
with the established framework of ionization in single-color
fields, and offer a natural introduction to the analysis of double
ionization presented in the next section.

4. Double ionization results

4.1. Double ionization yield

Since the original observation of enhanced double ionization
in 1983 [2], the ‘knee’ in the double ion yield curves [3, 4] has
been an iconic result in strong-field physics. This is normally
plotted as a simple yield vs intensity plot, but since we have
access to a large data set spanning both pulse intensity and
bicircular field shape (in the form of the 2ω:ω amplitude ratio)
we present the double ionization yield as a heat map as a func-
tion of both the normalized intensity and the amplitude ratio.
Single-color results are presented as a function of intensity and
ellipticity.

In figure 6(a), the single-color maps show how NSDI dimin-
ishes rapidly as a function of increasing ellipticity. For coun-
terrotating fields, the NSDI knee spans a broad range of
amplitude ratios, as shown in figure 6(b). So even though
the simpleman model predicts that perfect returning electron
trajectories only occur for β = 2.0, it is clear that coun-
terrotating fields support rescattering across a wide range of
amplitude ratios. Finally, figure 6(c) shows that a broad region
of NSDI exists even for corotating fields, but at a yield of
roughly two orders of magnitude lower than the counterrotat-
ing case. An analysis of ionization phase, final electron ener-
gies and momenta, rescattering timing, and classical electron
trajectories is presented in this section to help understand the
processes that contribute to NSDI in counter- and corotating
fields.

4.2. Ionization phase

The phase of the field at the instant that the first electron is
freed for double ionization events is shown in figures 7(a)–(c).
For single-color pulses, the ellipticity is varied from 0.0 to 0.3,
but double ionization falls off significantly past 0.1, and is alto-
gether absent at the highest ellipticities. For bicircular fields,
the amplitude ratio β is varied across the full range of 0.0 to
6.0, but double ionization is absent for the lowest and highest
values of β. In contrast to the single ionization case, the phase
varies significantly for different field parameters. For single-
color fields of varying ellipticity, the phase is broadly centered
at the peak of the field (figure 7(a)). Since ionization naturally
peaks near the field maximum, it is not surprising that pulses
with linear or mildly elliptical polarizations result in a strong
NSDI signal.

For counterrotating fields, the phase distribution exhibits
interesting structure (figure 7(b)), indicating that trajectories
that contribute to rescattering are sensitive to release phase.
For example, for β = 1.0 pulses, electrons released after the
peak of the pulse are more likely to result in NSDI, while for
β = 3.0 pulses, electrons released slightly before the peak of
the pulse are more likely to lead to rescattering. Since the dou-
ble ionization phase distribution is a narrower subset of the
single ionization distribution, the overall NSDI signal will be
reduced.

For corotating fields, the situation is even more extreme,
as electrons need to be released very late relative to the field
maximum in order to lead to rescattering (figure 7(c)). This is
what was expected from the simple analysis in the introduc-
tion, where electrons released at the field minimum could lead
to returning trajectories for corotating fields. Since this is an
unlikely ionization phase, it results in a much weaker NSDI
signal.

4.3. Electron energies

While ionization phase is not directly measured experimen-
tally, the final energy of electrons produced in the double
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Figure 7. The (a)–(c) release phase for the first liberated electron and the (d)–(f) final electron energies for both electrons involved in double
ionization are shown for (a) and (d) single-color pulses as a function of ellipticity and for (b) and (e) counterrotating and (c) and (f)
corotating fields as a function of the amplitude ratio β, all at a normalized intensity of 1 × 1016 W cm−2. The phase for (a) single-color
pulses is centered at the peak of the field, but for (b) counterrotating fields the phase varies as a function of amplitude ratio. For (c)
corotating fields, the release phase occurs well past the peak of the field. The (d)–(f) electron energies are in general the result of release into
the field at the optimum phase for returning trajectories, smearing of energies due to impact ionization, and release near the field maximum
due to field ionization after excitation. The energies expected from the simpleman model for electron release at different times are shown as
white lines. The plots are a result of (a) and (d) 3.6 × 108, (b) and (e) 3.6 × 108, and (c) and (f) 1.92 × 109 simulation runs, and the color
scale spans three orders of magnitude.

ionization process can be readily observed with coincidence
techniques [9]. In figure 7(d) the final electron energies are
shown for a single-color pulse as a function of ellipticity. The
expected energies based on the simpleman model are indicated
for release at the peak of the field. For low ellipticities, where
measurable NSDI occurs, electron release at the field maxi-
mum would always result in very low electron energies, but
rescattering significantly ‘smears’ the final energies to higher
values. As expected, this is most apparent with linear polar-
ization where rescattering is the strongest. For counterrotating
bicircular fields, shown in figure 7(e), the energies are spread
out both from the effects of rescattering, and from the non-
zero value of the vector potential at the field maximum. This
is most noticeable near the amplitude ratio of 1.0, where the
vector potential is rather large at the time of the peak of the
electric field.

But the most interesting case occurs with corotating fields.
Here, electrons must be liberated near the field minimum in
order to drive NSDI, and should result in low final electron
energies. This is expected from the analysis of the simple
returning trajectories shown in figure 1, and the resulting low-
energy electrons are seen in figure 7(f). In cases where rescat-
tering leads to impact excitation, the electrons subsequently
liberated by field ionization will be most likely to be released
near the field maximum and will take on higher energies.

This clear separation between electrons released via rescater-
ring versus those that have been field ionized is a unique
feature of corotating fields, and is clearly discernible in our
results.

4.4. Electron momenta

In addition to recording ion yield curves and electron energy
spectra, it has become commonplace for experimentalists to
acquire the two-dimensional transverse electron momentum
distributions resulting from double ionization [10, 28]. In
figures 8(a)–(c) we present single-color results for linear and
elliptical polarization, where the electrons are primarily dis-
tributed along the major polarization axis.

For counterrotating fields, shown in figures 8(d)–(f), the
three-fold symmetric patterns expected from the shape of the
vector potential are evident, but they are significantly smeared
out from the effects of rescattering, and for corotating fields,
shown in figures 8(g)–(i), the patterns exhibit spiral patterns.

The scale for all of the panels is shown in figure 8(g), and
the normalized peak intensity is equal to 1 × 1016 W cm−2

in all cases. While these patterns may appear to be simply
spread-out versions of the distributions expected from the neg-
ative vector potential, the contributions from different forms
of double-ionization dynamics can be extracted from these
distributions.
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Figure 8. Transverse electron momenta for both electrons from double ionization events are shown for (a)–(c) single-color pulses and
bicircular (d)–(f) counterrotating and (g)–(i) corotating fields, all at a normalized peak intensity of 1 × 1016 W cm−2. For (a) linear
polarization, the momentum distribution lies predominantly along the polarization direction, while for (b) and (c) elliptical polarization, the
distributions begin to spread out along the minor axis. For both (d)–(f) counterrotating and (g)–(i) corotating fields, the momentum
distributions are spread throughout the transverse plane, roughly in the patterns of the vector potential. The scale used for all of the panels is
shown in (g), with momenta in atomic units. Each panel is the result of 1.2 × 108 simulation runs and the color scale spans three orders of
magnitude.

4.5. Impact and excitation ionization

An analysis of the effect of the first and second electron
liberated by either impact or excitation ionization is shown
for counterrotating and corotating fields in figures 9 and 10,
respectively. An impact ionization event is defined as the lib-
eration of the second electron immediately following rescat-
tering (when the second electron gains positive total energy
less than 0.1 fs after the time of nearest return of the first freed
electron), while excitation ionization occurs when the release

of the second electron is delayed, being the result of impact
excitation followed by subsequent field ionization.

In figures 9(a) and (b), the pattern from a β = 2.0 coun-
terrotating pulse (same as in figure 8(e)) shows how electrons
involved in impact ionization exhibit a broad distribution due
to the dispersive effects of rescattering. The momentum pattern
for the first liberated electron (figure 9(a)) also shows a dip for
low momenta, since returning electrons with very low ener-
gies will not lead to immediate impact ionization. The pattern
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Figure 9. Transverse electron momenta are shown for a β = 2.0 counterrotating pulse at 1 × 1016 W cm−2 (as in figure 8(e)). The (a) first
freed electron and the (b) second electron from impact ionization (double ionization occurring less than 0.1 fs after the nearest return of the
first electron) events have smeared out momentum distributions. The distribution for the (c) first electron contributing to impact excitation
and subsequent field ionization is peaked at low momenta, and the pattern from the (d) second, field-ionized, electron takes on the shape of
the vector potential. Contributions from these four patterns are color coded and (e) combined into a single image. Here, the composite
pattern takes on the color for the most likely process at each location in the distribution. This figure is the result of 1.2 × 108 simulation
runs, the color scale spans three orders of magnitude (for (a)–(d)), and the scale is displayed in atomic units.

Figure 10. Transverse electron momenta are shown for a β = 3.0 corotating pulse at 1 × 1016 W cm−2 (as in figure 8(i)). The (a) first freed
electron and the (b) second electron from impact ionization events have smeared out momentum distributions. The distribution for the (c)
first electron contributing to impact excitation and subsequent field ionization is peaked at low momenta, and corresponds to electrons
released near the field minimum and returning to the ion with low energies. The pattern from the (d) second, field-ionized, electron takes on
the shape of the vector potential, and since this electron is released near the peak of the field, it is well separated from the rest of the
momentum distribution. Contributions from these four patterns are color coded and (e) combined into a single image. This figure is the
result of 1.2 × 108 simulation runs, the color scale spans three orders of magnitude (for (a)–(d)), and the scale is displayed in atomic units.

for the second electron (figure 9(b)) consists of defined peaks
corresponding to the impact timing amid a broad distribution
loosely following the vector potential pattern.

For electrons involved in excitation ionization, shown in
figures 9(c) and (d), the patterns are significantly different.
The first electron returns with relatively low energy, enough to
drive excitation of the second electron, but not enough to lead
directly to impact ionization. The second electron is released

through field ionization, and, not surprisingly, the momentum
distribution nicely takes on the shape of the vector potential.

A composite image generated from these four patterns is
shown in figure 9(e). Here, the color indicates the most likely
process that contributes to the electron momentum for that
location in the plot. Yellow and green represent the first and
second electron from impact ionization, and blue and red
represent the first and second electron from excitation
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Figure 11. The rescattering timing, defined as the difference between the single ionization time and the subsequent time of nearest return, is
shown for (a) single-color pulses as a function of ellipticity and for (b) counterrotating and (c) corotating fields as a function of the
amplitude ratio β, all at a normalized peak intensity of 1 × 1016 W cm−2. A sub-cycle return time is most likely in all cases, but multiple
returns are possible, provided that the field supports closed-loop trajectories. This is possible for release near the peak of the field for linear
polarization or β = 2.0 counterrotating fields, and for release near the field minimum for β = 2.0 corotating fields. The plots are a result of
(a) 3.6 × 108, (b) 3.6 × 108, and (c) 1.92 × 109 simulation runs, and the color scale spans three orders of magnitude.

Figure 12. Ensembles of 100 electron trajectories are shown as a heat map for various parameters as indicated by the circle, triangle and
square in figure 11. In (a)–(c) counterrotating fields, trajectories can take on (a) short, looping shapes, (b) triangular shapes similar to the
simpleman closed-loop paths, and (c) hybrid fish-shaped trajectories composed of both loops and triangles. For (d)–(f) corotating fields, the
patterns are all looping cycloid shapes, with size scales determined by the rescattering timing. A single sample trajectory is highlighted for
each case, and the color scale is optimized to highlight the trajectories in each plot.

ionization. While there is not a direct correlation between ion-
ization pathway and electron momentum, it is clear how dif-
ferent mechanisms contribute to the different portions of the
electron momentum distribution.

The differentiation between these processes is even more
compelling in the corotating case, shown in figure 10 for a
β = 3.0 pulse (same as in figure 8(i)). As with the counterro-
tating case, the electrons involved in impact ionization, shown
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Figure 13. Transverse electron momenta are shown for a β = 2.0 counterrotating pulse at 1 × 1016 W cm−2 (as in figure 8(e)). The
distributions from the (a) first electron and the (b) second electron from looping trajectories (rescattering time less than 1.8 fs), and the (c)
first electron and the (d) second electron from triangular trajectories are shown. Contributions from these four patterns are color coded and
(e) combined into a single image. This figure is the result of 1.2 × 108 simulation runs, the color scale spans three orders of magnitude (for
(a)–(d)), and the scale is displayed in atomic units.

in figures 10(a) and (b), have relatively low, spread-out ener-
gies, and the first electron contributing to excitation ionization
(figure 10(c)) is peaked near zero momentum. But since the
field-ionized electrons will take on the pattern of the vector
potential at the peak of the electric field, this portion of the
distribution is well separated to high momenta (figure 10(d)),
as expected from the energy spectra shown in figure 7(f).

The composite pattern, shown in figure 10(e), shows rather
well-distinguished regions corresponding to the first and
second electron contributing to either impact or excitation
ionization, and confirms that the high-energy structure
observed in figure 7(f) is in fact due to electrons released
through impact excitation followed by field ionization.

4.6. Rescattering timing and electron trajectories

In order to appreciate the types of electron trajectories that
contribute to double-ionization events, it is useful to exam-
ine the rescattering timing for various pulse conditions. The
rescattering time as a function of ellipticity (for single-color
pulses) or field amplitude ratio (for bicircular fields) is shown
in figure 11, and is defined as the time between the instant an
electron gains positive total energy and its subsequent time of
nearest return to the ion. In figure 12, ensembles of 100 rescat-
tering electron trajectories are shown for specific amplitude
ratios and timing, as indicated in the timing plots.

For single-color pulses, shown in figure 11(a), double ion-
ization peaks for rescattering times slightly shorter than one-
half of an optical cycle. This corresponds to the familiar case
of an electron released after the peak in the electric field
amplitude and returning after the next peak. Multiple returns
are also possible, but become less likely with increasing
ellipticity.

For counterrotating fields, shown in figure 11(b), the evo-
lution of the rescattering timing with changing field amplitude

ratio takes on an interesting pattern. While a very quick tra-
jectory is possible for a range of amplitude ratios, it is peaked
for β ≈ 1 and corresponds to a nearly ‘out-and-back’ looping
trajectory (see figure 12(a)). Multiple returns are also possible
for a range of ratios, but are most likely for β ≈ 2, where a
closed-loop (and potentially repeating) triangular trajectory is
common (see figure 12(b)). For other regions in the timing heat
map, the trajectories transition between looping and triangular
patterns, exhibiting shapes such as the ‘fish’ trajectory shown
in figure 12(c). In fact, all of the possible trajectories that
contribute to double ionization with counterrotating pulses
are comprised of a combination of looping and triangular
shapes, where the proportion of looping and triangular portions
will vary depending on field amplitude ratio and rescattering
time.

For corotating fields, as shown in figure 11(c), very short
returns are possible, but the dominant process is due to longer
(but still sub-cycle) trajectories across a broad range of field
amplitude ratios. In all cases, the trajectories exhibit loop-
ing shapes, as expected from the shapes of the simpleman
trajectories shown in figure 1.

To determine the effect of the different trajectories on the
resulting electron momentum distributions, we again analyze
the pattern from a β = 2.0 counterrotating pulse (same as in
figure 8(e)). This time we differentiate between the first and
second electron involved in a looping trajectory (rescattering
time less than 1.8 fs) and the first and second electron involved
in a triangular trajectory (rescattering time greater than
1.8 fs).

The momentum distribution for the first liberated electron
from a looping trajectory (figure 13(a)) exhibits three peaks
away from the origin, while the first electron from a triangu-
lar trajectory (figure 13(c)) has a momentum centered at zero.
This indicates that looping trajectories bring the electron back
with appreciable kinetic energy, resulting in the three peaks of
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non-zero momentum. But the closed-loop, full-cycle triangular
trajectories return the electron with nearly zero kinetic energy,
resulting in low electron momenta (and also supporting multi-
ple returns, since the electron is back to where it started a full
cycle later). The momentum patterns from the second elec-
tron from looping (figure 13(b)) or triangular (figure 13(d))
trajectories are quite similar, showing only subtle differ-
ences related to the timing of the first, returning electron.
The composite image shown in figure 13(e) is generated in
the same way as in figure 9, and shows how the two types of
electron trajectories contribute to the total electron momentum
distribution.

5. Conclusions

We have presented results from classical ensemble simula-
tions of the single and double ionization of helium in intense
bicircular laser fields. The electron energy spectra from single
ionization show clear indications of scattering off of the ion
core, even for corotating fields where returning trajectories are
unlikely. Electron momentum distributions in the transverse
plane show clear and measurable effects of electron delay from
the interaction with the Coulomb potential for elliptical and
bicircular fields. NSDI is found to occur for a wide range of
field amplitude ratios for both counter- and co-rotating pulses,
and the yield, electron energy and momentum, and rescatter-
ing timing have been mapped out in detail. The contributions
to the electron momentum patterns from the first and second
electron involved in impact or excitation ionization show how
structure in these distributions can be attributed to differ-
ent ionization pathways. For counterrotating fields, looping
and triangular rescattering trajectories contribute to different
portions of the resulting electron momentum distribution.

While this study has been limited to the ionization of helium
with intense 2ω:ω pulses, the methodologies applied here
could be easily utilized with higher-Z atoms (by modifying
the ionic potential [48]), molecules (by altering the Hamil-
tonian [58]), and pulses composed of other colors or polar-
izations. This work provides insight into how bicircular fields
could be used to probe atomic or molecular structure [59, 60]
through photoelectron [61, 62] or high-harmonic [63, 64] spec-
troscopy, in particular making use of trajectories with very dif-
ferent electron release and impact angles (e.g., the fish-shaped
trajectory in figure 12(c)). Ongoing studies at different inten-
sities, pulse widths, and wavelengths will be performed to
explore the diversity of rescattering dynamics with bicircular
fields.
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