
In addition to theoretical calculations and empirical data, a Monte Carlo simulation [5] was 
used to analyze the dynamics of a gas as it approaches equilibrium with interactions 
described by the Lennard-Jones potential. During each iteration of the algorithm, the 
particles are displaced in a manner following Boltzmann statistics for a given temperature 
[6]. After a given displacement, if the system energy is not optimized, the step is not 
accepted. After this has been performed for a random sampling of particles, the iteration 
repeats. The algorithm allows for 100 iterations for the system to reach equilibrium. This  
process is repeated for system temperatures corresponding to 100 # → 1000 # in steps of 
from 16 #. At equilibrium, the pressure and energy are computed.

The simulation is currently allowing improbable displacements, likely due to an error in the 
random number generator (Figure 3). We are still in the process of modifying the algorithm 
to produce reasonable results for the energy and compressibility of the gas. 

Figure (3) shows the internal energy versus temperature (left) and the compressibility vs temperature (right) for the 
simulation. Temperatures are scaled for the simulation.

The fundamental assumptions of an ideal gas are that the molecules do not contain any 
internal structure (rotational and vibrational states), and that there are no intermolecular 
interactions. The compressibility, Z, quantifies how the behavior of a real gas reflects that of 
an ideal gas. It is often expressed in the following way:
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where P is the pressure, V is the volume, N is the number of particles, ,- is the Boltzmann 
constant, and T is the temperature. For an ideal gas, Z=1. For monatomic gases, this is a valid 
approximation for the dynamics near 300 #. However, for diatomic molecules, there are 
energy states due to rotations of the molecule and vibrations, as well as short range 
molecular interactions. Examining empirical data from NIST [1], it was found that the 
compressibility of diatomic oxygen is within 0.1 of that for an ideal gas for temperatures 
ranging from 100 # → 1000 #. Given this, we may write the compressibility in the following 
way [2]:
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where 3(.) is known as the second virial coefficient and models how the dynamics differ 
from those for an ideal gas. We used the 
Lennard-Jones (6-12) potential (Figure 1) 
to model the intermolecular interactions 
that occur. This potential both accurately 
reflects experimental measurements for 
forces molecules exert on each other, and 
is more mathematically convenient to use
than other commonly used intermolecular
potentials.

Figure (1) shows
the Lennard-
Jones potential. 
This models both 
repulsive and 
attractive 
Interactions.

.

After manipulation of the expression for 78(.), the second virial coefficient was found to be:
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where Γ (J) is known as the gamma function. We find that this series converges rapidly after 
the first ten terms. The partition function will now be:
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This allows us to get the internal energy [2]:

X = −Y ln Ξ/Y/,
and the compressibility:
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We see (Figure 2) that the internal energy increases less rapidly than would be expected in 
comparison to experimental results (Figure 4). 

We obtained measurements of the pressure, internal energy, temperature, and volume of 
diatomic oxygen for isochoric processes (constant volume) for temperatures ranging from 
100 # → 1000 # (Figure 4). This allows us to compare our theoretical calculations to 
empirical measurements. Diatomic oxygen was chosen due to its low freezing point.

Figure (4) shows the internal energy versus temperature (left) and the compressibility vs temperature (right) for diatomic oxygen.

In the interest of better understanding systems of interacting particles in equilibrium, the 
grand canonical partition function for a diatomic gas is computed using the Lennard-Jones 
potential to model molecular interactions. This was used to find a correction to the ideal gas 
law by calculating the second virial coefficient. This allowed us to construct an equation of 
state that was checked by referring to empirical measurements of the pressure, temperature, 
and volume of diatomic oxygen as well as a Monte Carlo simulation of gases.
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The grand canonical partition function, \, allows us to calculate the probability of a system 
being in a given state and allows us to compute dynamical variables, such as the pressure 
and compressibility [3]:

Z = ln \ /+ .

The partition function for our system is given by [3]:
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where P and QR are the contributions due to the internal rotational and vibrational states [2] 
and the kinetic energy of the system, respectively. Also, μ is the chemical potential of the 
substance. The set of functions {7=(.)} are given by:
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where d=(b?,⋯ , b=) are the cluster functions that contain the various intermolecular 
interaction terms. These functions can be used to generate our virial coefficients. A single 
particle cannot interact with itself, which gives 7? . = 1. 78 . , which relates to the 
interaction between two particles, is our second virial coefficient. This will take the following 
form after non-trivial manipulation [2,3]:
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where u(r) in this case is the Lennard-Jones potential. Therefore, our compressibility will be:
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Grand Canonical Partition Function and Virial Coefficients

The Second Virial Coefficient

Monte Carlo Simulation of the Lennard-Jones Gas

The theoretical calculations of the compressibility seem to match the experimental results; 
minor deviations no greater than 0.01 at the maximum are present (Figure 5). At higher 
temperatures these deviations are more obvious. Inclusion of a third virial coefficient may 
remedy the deviations. A curious phenomenon that occurs in both the theoretical and 
experimental data is the drop in the compressibility near 100 K. This can possibly be 
explained by oxygen occupying liquid states at lower temperatures, but the full explanation 
for this will be explored in further projects. The discrepancy in the energy profiles between 
experiment and theory is also not 
completely understood at this point. We 
anticipate that it is related to rotational 
and vibrational states providing negligible 
energy at lower temperatures.

With regards to the Monte Carlo simulation, we plan on
we plan to modify how the energy and 
pressure are computed to improve accuracy.
For future research, we plan to investigate 
how perturbations to the Lennard-Jones
potential affect the dynamics of a gas, as 
well as behavior in the temperature range
near the liquid-gas phase transition.
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Empirical Data

Figure (2) shows the theoretical internal energy versus temperature (left) and the compressibility vs temperature (right).

Figure (5) shows the theoretical and experimental compressibility of 
diatomic oxygen.


