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History of Changes to these Notes

The following changes were made by Nathaniel Miller in uptatSam
Creswell’s version of these notes:

e The notes were put into thdournal of Inquiry-Based Learning in
Mathematics style.

e The sectionintroduction to the Instructor by Nathaniel Miller was
added.

e Appendices A and B containing a sample midterm and final were
added.

e SeveralNotesto the Instructor were added throughout the text as end-
notes.

e Definitions were set out from the rest of the text and numhbeted
make them easier to refer to. Likewise, Axiom 3 was given almem

e Theorems, Exercises, and Questions were put into sepaciters of
each chapter.

e An additional circle was added to the illustration of AxiomnlFig-
ure 2.2, to reflect the fact th&¥ is contained in the intersection of
andV, but needn’t be all of the intersection. (This also agredh thie
illustration in the previous version of the notes.)

e Definition 3.6, which was added by Sam Creswell in his versibn
these notes, was changed to agree with Bing’s definition mijpmment
given in [2]. This also makes Exercise 3 in Section 3.2 makeemo
sense. It was moved earlier in the text in order to be congigtigh the
other chapters, in which all definitions are given before tr@prems
or questions.

e The definitions in Chapter 12 were slightly modified.

e Some other formatting and notation was changed, and othal sm
changes were made.

Vi



History of Changes to these Notes vii

The following is a patrtial list of some of the changes made bynS
Creswell in the previous version of these notes:

e The sectiorntroduction by Sam Creswell was added.

e The property that Bing referred to as “compactness” wasmek'se-
quential compactness,” while the property that Bing refeto as “bi-
compactness” was renamed “compactness,” in order to bnmgadtes
into agreement with modern usage.

¢ A definition for the term “component” was added, since this wass-
ing from the previous version of the notes.

e New figures were produced to replace the old hand-drawn fgure
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Introduction to the Instructor by Nathaniel
Miller

These course notes are R H Bing’s course notes for an inttoguoourse
in elementary point set topology, designed to be taughutiitan inquiry-
based method in which the students in the course prove arseérgréhe
central course material. This method of teaching, oftearretl to as the
“Moore Method,” was pioneered at the University of Texas by.RMoore.

Since Bing was a student of Moore’s and he states in his intthoh that

much of the material in these notes was also in Moore’s clasgedJniver-

sity of Texas, we have to assume that these notes are cldse totes that
Moore himself would have used.

Bing also wrote a long expository article on elementary peeat topol-
ogy which appeared in 1960 as a special issue oftherican Mathemat-
ical Monthly [2]. In this article, he discusses and tries to motivate mainy
the same questions found in these course notes. | usuabtigis article
to my students at the end of the semester. | think it would batefest to
anyone planning to teach out of these notes.

In preparing these notes for submission to Jbernal of Inquiry-Based
Learning in Mathematics, | have only made minor changes to the course
sequence passed down from R H Bing and edited by Sam Creswell.
detailed list of my changes appears in the previous sectibave tried to
update the formatting, and have added some additional wotésaching
from these materials, drawn from my own experiences usiagithSome
of these appear as numbered endnotes in this Instructassoweof these
materials, in the sectioNotes to the Instructor, which appears following
the main text.

| have taught classes from these materials twice. | haveytdlszy work
wonderfully. They reflect a course that is already well redirend they have
been used successfully by many people over the years.

The class that | have taught from these notes is a Mastegsti@vology
course at the University of Northern Colorado. This clagwimarily taken

viii



Introduction to the Instructor by Nathaniel Miller iX

by Master’s students planning to continue into our Ph.Dgpam in mathe-
matics education, along with some advanced undergradudiedirst time

| taught this course, it had nine students; the second tirhagifive. | think

that 10 students is probably close to the ideal size for tlaissc With my

classes, we were able to cover roughly the first five chapfatseese notes
in one semester. As Bing points out in his Introduction toltigtructor, the
notes contain much more material than most classes will leetalgover in

one semester. In fact, my classes took almost half the sen@sChapter 2
alone.

There are many possible ways to structure the mechanicsiwoalobass
using these notes is run. One great source of informatiomploming a
Moore Method or Modified Moore Method course is the book by @op
Mahavier, May, and Parker [3], in which several experieradtitioners of
this method discuss how they structure their own classesuldiencourage
anyone considering teaching a Moore Method or Modified Mdde¢hod
course for the first time out of these notes to take a look atlibok.

My classes were taught using a Modified Moore Method in which s
dents worked on the problem sequence outside of class asenpeel their
solutions at the board in class, as would happen in the maditional
Moore Method. However, | also collected a weekly homewosigasnent,
in which students turned in one problem of their choice eaeblkyand | had
an in-class midterm and a take-home final. See Appendix A fanaple
midterm, and Appendix B for a sample final exam.

| also allow students to collaborate outside of class. | dbopeymit
students who have already solved a problem to share theiti@aod with
other students, but students who have not solved the pradnlempermitted
to work together in solving it. This policy has worked well fme, and |
have not had any problems with students violating my ruldso aaven't
had many instances in which weak students worked with stebadents
in order to get answers from them, because strong studentisgigmerally
choose to work with someone if they don’'t expect them to befakin
solving the problem.

The following are some of my course policies, taken from tfikabus |
hand out on the first day.

An Introduction to Math 540: Topology

Welcome to math 540! This course will probably be very défarfrom
most other math courses that you have taken. We're going follogving
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Introduction to the Instructor by Nathaniel Miller X

a method of learning mathematics pioneered by the matheiaratk. L.

Moore at the University of Texas at Austin, and variously \Wnaas “The

Moore Method” or “The Texas Method.” The hallmark of this imed is

that the students (you!) are responsible for creating mideeamathematics
discussed in the course.

The core of the course will be a sequence of definitions, problto be
solved, and theorems to be proven. You can think of it as adir@dgame.

The Rules of the Game:

1. The object of the game is to collect points.

2. The main way of getting points is by solving Problems anavimg
Theorems.

3. Problems and Theorems should be viewetbagctures—that is, they
may be either true or false. They can be solved by showingwhic
category they fall in. In other words, you solve a problemhaarem
by giving a convincing argument that it is true (or falsehié Problem
or Theorem is not correct as stated, you should try to seeittls a
way to fix it.

4. There are two ways of earning points by solving problems:

(a) The best way to earn points is to present a correct saltbi@an
unsolved problem to the class. A solution is correct if it m&ani-
mously judged by the class to be completely convincing.

(b) Iwill also ask you to turn in a written solution to one pleim once
a week. Solutions that are correct the first time they are #tdun
are worth 10 points.

(c) Written solutions that are incomplete in some way mayebesed;
points will only be awarded for complete, correct solutiofslu-
tions that need to be revised will be worth one less point &mhe
time they have to be revised.

5. Points may be awarded for other reasons, such as for pngp@son-
jecture that gets made into one of the course problems.

6. The intent of this course is for you to solve the problemsgelf. You
may discuss the problems you are working on with other mesniier
the class as long as neither of you has already solved théepnolf
you have solved a problem you can try to help another studenea
at the solution themselves, but you MAY NOT just give themryou
solution.
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Introduction to the Instructor by Nathaniel Miller Xi

7.

10.

11.
12.

There is no course textbook, and tméy texts that you may consult are
the official course notes and your own notes. You should nosaid
any textbooks unless | have specifically given you permimssBolu-
tions to some of the problems that we will be covering can badain
textbooks, but if you consult these books, you will be depgwour-
self of the understanding that will come from solving the lpjemns
yourself.

. We will also have an in class midterm and a take home fin&lea¢hd

of the course. We will meet at our assigned final meeting toneitn
in and present the take home final.

. A class patrticipation score will also be added to your fpwht total;

this score will be subjectively determined by me, and wileet how
actively and productively you participated in all aspedtthe class.

Grades will be determined by how many points you haveeagtid of
the course. | can’t tell you in advance how many points wittespond
to a certain grade, but if | feel that anyone with a certain banof
points has been doing A level work, for example, then evesywith
at least that many points will get an A.

These rules may change as the semester progresses.

Don't forget to have fun!

The notes that we will be using were written by R H Bing. R H Bing
was a high school math teacher who went back to school at thestdity
of Texas at Austin to get a Master’s Degree. While there, heané took
classes from R. L. Moore. These classes made him want to godbex
come a research mathematician. He got his Ph.D. in topolsgystudent
of R. L. Moore’s, and went on to a distinguished career in raatatics. He
taught for many years at the University of Wisconsin, andest@at differ-
ent times as President of both the American Mathematicak8oand the
Mathematical Association of America.
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Introduction by Sam Creswell

R H2 Bing (1914 — 1986), a native of Oakwotdexas, was a 20th century
mathematician and teacher of mathematics.

Bing received a bachelor’s degree from Southwest Texas Seatchers
College (now, Texas State University - San Marcos) and begaohing and
coaching football in Texas public schools. He took a summerse under
R. L. Moore, who recognized his immense talents, encourhgedo work
toward a doctorate, and provided a teaching position fonhmte he was in
graduate school. Upon receipt of his doctorate from Mooneg Bccepted
a position at Wisconsin and soon cemented his reputatiorteascher and
researcher. Late in his career, Bing returned to Texas, eMherserved as
the chair of the department, a position which he once heldistaMsin.

Bing served as a President of both the Mathematical Assoniat Amer-
ica and the American Mathematical Society. Further, he wasber of the
National Academy of Sciences.

In common with his mentor, R. L. Moore, Bing was passionaiedgr-
ested in undergraduate mathematics. As Moore found immeaie# in a
Texas high school football coach, Bing was also intereste@d¢ognizing
and developing talent. Few mathematicians with Bing’s pr@mce attempt
to discover talent among those whose mathematical backgrisumodest.
These notes manifest his interest in doing so.

A partial list of his accomplishments may be found on page @2Q].
Further, [1] provides much more information about Bing, imentor, and
inquiry-based learning in mathematics, as implemente@x&d.

As these notes passed though the hands of many instructbty@ats
over the years, a handful of typographical errors naturddlyeloped. In
consultation with the editors of this journal, we have madeections, as
necessary.

2Bing had no given names, as such. His first name was the I&t@nd his second name was the letter 'H’
(see p. 208 [1]). Bing once directed some painters at Wisedogproduce some signage for him writing down
'R only H only Bing'. They duly produced signage saying 'Ronly Honly Bihg’

SVisits to Oakwood support the observation that mathermlagdant may be found anywhere. The Bings who
live in Oakwood today are aware of their kinsman'’s proweskae proud of his achievements.
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Introduction to the Instructor by R H Bing

These are notes for a one-semester undergraduate coutsel $ta R H
Bing at the University of Wisconsin. R. E. Fullerton, S. Cekhe, and R.
F. Williams subsequently taught the course at Wisconsies&émotes were
used by C. B. Allendoefer at the University of Washington &gdw. L.
Duren, Jr. at Tulane University. Much of the material in thestes is in a
year course (Math 24) at the University of Texas offered biz.RMoore.

The course emphasizes the part of plane topology used ialaalcin
general, the course is easier for those who have had a coueskvanced
calculus. Conversely, those who took the plane topologyssand subse-
guently took advanced calculus reported that the topologyse was good
preparation for advanced calculus. The course is primeabigned for se-
niors. It would seem to be good either as a terminal course ar@epara-
tion for graduate work. The course has been offered to higbadeachers
in summer school. The course should add considerably tadllests’ vo-
cabulary since some of the more prevalent terms in topologysed.

The amount of material covered in the course varies depgrafinthe
ability of the students and the number of diversionary tepiarsued. The
notes contain about enough material for a year’'s work so classes will
cover only about one half of the theorems. It is felt that ibétter for the
students to learn some of the material thoroughly and hamédsmce in
what they know than to cover it all. Perhaps some of the moezgetic
students will pursue some of the interesting theorems negred in class
after the course is over. Many of the topics are covered iarathurses but
the emphasis there is often algebraic rather than geontetiopological.

The theorems in the course were proved by the students. Tihaistney
could not prove were postponed. Students who had littleipusvexperi-
ence in proving theorems were slow in getting started so seasg theo-
rems were included at the first to help them begin. The stedaesented
the theorems at the blackboard (preferably without notesleuthe criti-
cal eye of their fellow students and with the friendly cigim (but without
help) from the instructor. As the students gain experienceroving and
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Introduction to the Instructor by R H Bing XV

presenting theorems and as they get a taste of the thrillaafraplishment,
the pace should quicken.

The instructor’s lecturing was confined to discussing thindens in
the notes, relevance of these definitions and corresponideayems, vari-
ous unsolved problems in topology, and other topics not énthtes. The
theorems that one obtains by one’s own efforts by pondetiradand error,
and other methods are burned deeper into one’s consciauras those
presented by others. Consequently, if a student was stiking on a prob-
lem when it was presented in class and wanted to completeriealhe
was permitted to absent himself from class during the ptasen and re-
port later outside of class on his progress. Some of the slstudents did
not prove many theorems but they participated in class bgllneg defini-
tions and taking part in “brain storming expeditions” whéreorems were
conjectured. They were expected to learn the proofs givehdpetter stu-
dents. All students were advised to keep notebooks wheyenttate up the
proofs in their individual styles.

This course reversed the usual tradition of the instructesgnting the
fundamental material and the students doing drill to hejnaigate it. Here
the student did the fundamental work and the instructor lsmpgnted it.
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Introduction to the Student

In this course we study point sets in the plane, properti¢baxe sets, and
operations with these sets. Special emphasis will be plandtie aspects
of plane topology that are used in calculus.

Rather than trying to consider many theorems superficialyy a se-
lected group will be studied. It is felt that if a person urgdands these, he
can prove many others.

Before proofs are given in class, the student will be givéogbortunity
to work them out himself. The more proofs that the studentam=wrelop
himself, the more mathematical training he obtains. In,fazich original
research has developed because a mathematician, in degefophimself
the proof of a known theorem, finds new methods that can be eised
where. In proving a theorem a person may learn much more tisritje
steps in the proof. He may learn which methods and trickswoltk and
which will not (this is important too) in similar situations

Mathematics may be thought of as a way of thinking rather themllec-
tion of facts. The person who can develop a proof for a thearework out
a solution of a problem is regarded more highly as a matheraatihan the
person who only remembers many mathematical facts and nafimagous
theorems.

In this course, emphasis will be placed on mathematicakihgq Al-
though there will be many mathematical truths developegomance will
be given to the development rather than to the facts themsehhis is not
to say that facts of mathematics are not important. Theyomie that enable
us to do a better job of mathematical thinking and should amied well.

XVi



Chapter 1

Operations with sets

We need to acquaint ourselves with the following terminglaghdefined
terms, and definitions of topology.

Point. In synthetic geometry and in topology, a point is usuallyarelgd
as an undefined term.

In this course, we suppose that the points under considarbi in the
Euclidean plane (unless specified otherwise). We will feed o use the
properties of the plane learned in plane geometry and acslyt

In courses where the number system is developed first, a iganime-
times defined in terms of numbers. For example, in analygimirt may
be defined to be a complex number; in plane analytics, a poan brdered
pair of real numbers; in 3-dimensional Euclidean analy#iorgetry, a point
is an ordered triple of numbers; and in 4-dimensional Eecidanalytic
geometry, a point is an ordered quadruple of numbers.

Definition 1.1. A point setis a collection such that each element of the
collection is a point.

If a collection contains only one element, there is a disiimcbetween
the collection and the element, though for brevity, we doahetlys empha-
size this.

Definition 1.2. Thenull setis a collection with no element.

There is some objection to introducing such an artificial ¥ét have no
need for null sets in this course and in places where nonisiallentioned
we could state the results more simply if the convention vi@tewed that
each set contains a point. However, this convention is noeigdly fol-
lowed.

Definition 1.3. p € X means thap is an element of the collectioX. If pis
not an element oX, we writep ¢ X.

1



Operations with sets 2

Definition 1.4. X C Y means that each elementXfis an element oY . If
X CY, we say tha is asubsetof Y. If X is a subset oY but X is not all
of Y, we say thaKX is aproper subsetf Y. See Figure 1.1.

Figure 1.1:X is a Subset oY .

Definition 1.5. X-Y or XNY (theintersection product or common part
of X andY) denotes the set of all points in bo¥handY; that is,X-Y =
{p|p € Xandp € Y}. See Figure 1.2.

Figure 1.2: The intersection of andY.

Definition 1.6. X +Y or XUY (thesumor union of X andY) denotes the
set of all points in eitheK orY. Thatis,X+Y = {p|p€ Xorpe Y}. See

Figure 1.3.
W

X+YorXuY

Figure 1.3: The sum of andY.
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Operations with sets 3

Definition 1.7. X —Y (thedifferenceof X andY) denotes the collection of
points ofX that do not belong t&. Thatis,X —Y = {p|p € Xandp ¢ Y}.
See Figure 1.4.

J >

Figure 1.4:X MinusY.
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Chapter 2

Limit Points

Definition 2.1. A neighborhoodis the interior of a circle.

Definition 2.2. A neighborhood of a points a neighborhood containing the
point. We do not suppose that the point is the center of thghterhood.

As an extension of the notion of a neighborhood in other spacth a
distance function, a neighborhood is regarded as the imtefea generalized
sphere.

Definition 2.3. The e-neighborhood ofp (written N(p, €)) is the set of all
points whose distance fromis less thare.

We denote the distance betweprandq by p(p,q). ThenN(p,&) =
{alp(p,q) < &}. If a pointr lies inN(p, €), thenN(p, €) is a neighborhood
of r, although it may not be the-neighborhood of. See Figure 2.1.

N (p,€)

Figure 2.1:e-Neighborhood op.

If a space does not have a distance function, certain pdisirs& may
be designated as neighborhoods. A neighborhoqalisfone of those des-
ignated point sets that contaipsThese neighborhoods must satisfy certain
conditions called axioms. Two axioms sometimes used aritiosving:

Axiom 1. If U and V are neighborhoods of the same point p, there is a
neighborhood W of p suchthatW c U -V.

4



Limit Points 5

Axiom 2 (Hausdorff ofT, separation axiom)lf p and q are different points,
there are neighborhoods Np and N of p and ¢ respectively such that Ny, does
not intersect Ny.

Axiom 1 Axiom 2

Figure 2.2: Axioms 1 and 2.

See Figure 2.2 for illustrations of these axioms. Sometiwesker ax-
ioms are used but more frequently, stronger ones are entploye

Definition 2.4. If N is a neighborhood of a poim, we callN — {p} a
deleted neighborhood op. Here{p} denotes the collection whose only
element isp.

Definition 2.5 (Open set) A point setD is openif each pointp of D has a
neighborhood that lies iD.

An open set can be expressed as a sum of neighborhoods,gdittoa
neighborhoods may be infinite in number. The interior of aasqus open,
but a disk (a circle plus its interior) is not.

Definition 2.6 (Neighborhood definition of limit point) The pointp is a
limit point of the point seM if each deleted neighborhood pfcontains a
point of M.

Definition 2.7 (e-definition of a limit point) The pointp is alimit point of
the point seM if for each positive numbes there is a poing of M such
that 0< p(p,q) < €.

Definition 2.8. Theboundaryof a setX is the set of all pointg such that
each neighborhood gf contains both a point of and a point not oK.

Definition 2.9. Theclosureof a setX is the sum o and all its limit points.
This closure is designated B4

It follows from these definitions that the closureXfis equal toX plus
its boundary.

Definition 2.10. A closed sets one that contains all its limit points.

Definition 2.11. The complementof a point setX is the collection of all
points not inX.
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Limit Points 6

2.1 Theorems

Prove the following theorems for the plane.

1. The sum of two open sets is open.

2. If pis a limit point of the sum of two closed sets, it is a limit poaf
one of themt

3. The sum of two closed point sets is closed.
4. The product of two closed sets is closed.

5. If a point lies in each of two neighborhoods, it lies in agidiorhood
in the intersection of the two neighborhoods.

6. The product of two open sets is open.

7. If pis a limit point of A, each neighborhood gf contains infinitely
many points ofA.

8. For each seX, X is closed.
9. For each seX, X = X.
10. The boundary of a set is closed.

11. If pis alimit point of A- B, it is both a limit point ofA and a limit point
of B.

12. The sum of a collection of open sets is open.
13. The intersection of a collection of closed sets is closed

14. The closure of a st is the intersection of all closed sets containing
X.

15. The complement of a closed set is open.
16. The complement of an open set is closed.

17. The complement o + Y is the intersection of the complementXf
and the complement &f.

18. The complement of - Y is the sum of the complement &f and the
complement of.
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Limit Points 7

2.2 Questions

Answer the following.

1. If X is a finite set of points on theaxis, doesX have a limit point?

2. If X is a subset of thg-axis andp is a limit point of X, doesp belong
to x-axis?

3. Isthe interior of a circle the sum of an infinite collectimfitlosed sets?

4. Name a property that is not possessed by the sum of someetwo s
even if it is possessed by each of thém.

5. Note that Theorem 7 does not state that there are infimitalyy points
that belong to each neighborhood. Explain why there may e@ven
one such point.

. Why may the sum of a collection of closed sets fail to beali@s
. Why may the intersection of a collection of open sets tabl¢ open?

. Name a plane set that is both open and closed. Name ones tigttier.

© 00 N O

. Consider the séil = {(x,y)|0 < x2+y? < 1 orx=y=1}. Which of
the points(0,0),(0,1),(1,1),(2,0), and(1/2,0) are points oM, and
which of them are limit points di1?

10. If each of three sets contains a poinfAcf B, does this mean that either
each of them contains a point Afor each of them contains a point of
B?

11. Which of the theorems in the first set shows thatig not a limit point
of X and is not a limit point o, then it is not a limit point o)X +Y?

12. Show that plane neighborhoods satisfy the two axiomdioresd for
abstract neighborhoods.
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Chapter 3

Connectedness

Intuitively, we think that a set is connected if it is “all ime piece.” We use
the following definitions.

Definition 3.1. Two sets aralisjoint or mutually exclusiveif neither con-
tains a point of the other.

Definition 3.2. Two sets arenutually separatedf neither contains either a
point or a limit point of the other.

Each of the two mutually separated sets is relatively opeiralatively
closed in their sum.

Definition 3.3. A setAis relatively open (relatively closedh Y if Ais the
intersection ofY and an open (closed) set.

A circle and its interior are mutually exclusive but they aog mutually
separated. However, the interior of a circle and the extenie mutually
separated.

Definition 3.4. A set isnot connectedf it can be expressed as the sum of
two non-null mutually separated sets.

Definition 3.5. A set isconnectedf it is not the sum of any two non-null
mutually separated sets. See Figure 3.1.

Qo D S
Connected Not Connected

Figure 3.1: Connected vs. Not Connected



Connectedness 9

Definition 3.6. A componentof a setX is a maximal connected subset of
X. That s, itis a connected subsetothat is not properly contained in any
larger connected subset ¥f*

3.1 Theorems

Prove the following’

19. If X is connected and is a subset of the boundary ¥f thenX +Y is
connected.

20. If a pointp belongs to each element of a collection of connected point
sets, their sum is connected.

21. If pis a point of the connected skt and M — p is the sum of the
mutually separated seltb andK, thenH + p is connected.

22. If pis a point of a point seX, then some component &f containsp.

3.2 Exercises
1. Show that the intersection of two connected sets maydablet con-
nected.
2. Is any finite set connected?

3. Name a property such that there is no set which is maxinhlrespect
to having the property.
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Chapter 4

The Real Line

Let R be the number system with its ordinary topology. Then togialally
R is like a line. Here are three statements al®tiat are of utmost impor-
tance.

1. Ris connected.

2. Each bounded monotone increasing sequence of elemeRtbhad a
least upper bound.

3. R satisfies the Dedekind cut property.

None of these statements ab@&utvould be satisfied if we used the con-
vention that only rational numbers are real. Hence we neeaxam of
some sort in order to prove the properties. The one that wptaddhe
following.

Axiom 3. A straight line is connected.

Definition 4.1. A setX in R is boundedif there is a positive numbensuch
that each element of lies in them-neighborhood of 0.

Definition 4.2. A sequence of numbe#s;, Ay, ... is monotone increasing
if each term of the sequence is larger than the one beforMdnotone
decreasing, monotone nonincreasingnd monotone nondecreasingre
defined in a similar fashion.

Definition 4.3. An upper boundof a collectionX is a number that is greater
than or equal to each elementXf The least such upper bound is called the
least upper bounaf X. Similarly, agreatest lower bounanay be defined.

Definition 4.4. If X has a largest value, this value is called ti@ximumof
X. If there is a value oK that is the largest value in some neighborhood, it
is called arelative maximum Similarly, a minimum may be defined.

10



The Real Line 11

Definition 4.5. The Dedekind cut propertysays that ifR is expressed as
the sum of two non-null, mutually exclusive s&sandB, such that each
element ofA is less than each element Bf then eithelA has a maximum
or B has a minimum.

Definition 4.6. If p andq are two points of a straight line, ttieterval [pq]
is the sum ofp, g, and all points between them. We ug®) to denote the

open intervalor segment (pqg) = [pa] — ({p} + {q}). Both[pq) and(pq]
are calledsects

4.1 Theorems

Prove the following.

23. A segment is connected. (Use Axiom 3 to show this.)
24. Aninterval is connected.

25. Each bounded monotone increasing sequence of numlees|bast
upper bound. (Use Axiom 3 to show this. Theorem 25 itself keta
as an axiom in some calculus books.)

26. R satisfies the Dedekind cut property.

4.2 Questions
1. Is the set of all points on theaxis with rational abscissas yalues)
connected?

2. If X is a bounded sequence of numbers #nd the set of all numbers
that follow infinitely many elements of, isY open, closed, or neither?
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Chapter 5

Sequential Compactness

Definition 5.1. A setM is sequentially compadf for each infinite subcol-
lection ofM there is a poinp of M which is a limit point of this subcollec-
tion. ©

Definition 5.2. A set isboundedif it lies on the interior of some circle.

Definition 5.3. A sequence of set&;, Ay, . .. is called anested sequendé
for each positive integer Aj 1 C Ai. A pointis called a&common pointf it
belongs to eaci.

Supposef (x) is defined on an intervala < x < b). The notion of se-
quential compactness may be used in proving the followirduisheorems
from calculus which hold iff is continuous. See Chapters 9 and 10.

1. f is bounded.
2. f takes on a maximum and a minimum.

3. f is uniformly continuous.

4, fab f (x)dx exists.

5.1 Theorems

Prove the following.

27. A sequentially compact set is closed.
28. Aninterval is sequentially compact. (Use Axiom 3 to shhis.)

29. A square plus its interior is sequentially compact.

12



Sequential Compactness 13

30. A bounded closed set is sequentially compact.
31. A sequentially compact set is bounded.
32. A closed bounded set has a highest point.

33. If pis a point andM is a closed set (non-null), there is a closest point
of M to p.

34. (Bull's eye theorem). Each nested sequence of non-aglientially
compact sets has a common point.

5.2 Questions

1. Is the plane sequentially compact? The surface of a sphere

2. Does each nested sequence of segments have a common point?
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Chapter 6

Countable Collections

Definition 6.1. A collection is calleccountableif it has only a finite number
of elements or if there is a one-to-one correspondence eetit®elements
and the positive integers. A collection that is not courgablcalledun-
countable

6.1 Exercises
1. Give a plan for putting the rational numbers in a one-te-correspon-
dence with the positive integers.

2. Set up a one-to-one correspondence between the postgers and
the odd positive integers.

3. Set up a one-to-one correspondence between the pointsraj anter-
val and the points of a short interval.

4. Show that ifM is a closed proper subset of an interlahat contains
both ends of, thenl —M is the sum of a countable collection of seg-
ments.

5. Does each uncountable subset ofxtfeis contain a segment?

6.2 Theorems

Prove the following.

35. The rational numbers are countable.

36. The numbers between 0 and 1 are uncountable.

14



Countable Collections 15

37. Each infinite collection has uncountably many subsets.
38. The sum of a countable collection of countable sets iatedle.

39. No countable set with more than one point is connected.
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Chapter 7

Coverings

Definition 7.1. A collection G of point sets is said toovera setA if each
point of Ais contained in an element &f.

Definition 7.2. An open covelis a collection of open sets which covers a
point set.

Definition 7.3 (compactness)A setH is compactf for each open covering
G of M there is an open coverirtd with only a finite number of elements
such that each element bff is a subset of an element G H is called a
finite refinementof G.

7.1 Exercises
1. If G is a collection of segments afaxis covering a segment, does a
finite subcollection ofs cover the segment?

2. If G is a collection of segments afaxis covering an interval, does a
finite subcollection ofs cover the interval?

3. If Gis a collection of intervals ok-axis covering an interval, does a
finite subcollection of5 cover the interval?

4. Is the interior of a circle compact?

5. Show that each finite set is compact.

7.2 Theorems

Prove the following.

16
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40. An interval is compact. (Use the axiom.)
41. Each compact set is sequentially compact.
42. (Heine-Borel theorem). Each sequentially compactssebimpact.

43. No interval is the sum of a countable number of closedrsetane of
which contains an interval.

In certain abstract spaces, each compact set is sequgnbatipact but
not conversely. In such spaces, Theorem 41 holds but 42 addethrgen-
eral, compactness is a stronger condition than sequentighactness and a
person who uses it in the hypothesis of a theorem is not pgagnstrong a
result as one who uses mere sequential compactness inst@adver, this
is not true in the plane. Some important generalizationsh&fofem 43 are
treated in Chapter 17 on the Baire property.
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Chapter 8

Converging Sequences

Definition 8.1. A sequence of point§ps, p2, ...} (in which thep;’s do not
have to be distinct) is said tmnvergeto p (written lim p, = p) provided that
for each neighborhoo of p there is an integar such thato, + ppr1+- -
lies inD.

Definition 8.2. A sequence of numbefd\;, Ay, ...} is said toconvergeto
A provided that for each positive numbethere is an integer such that no
term of {An, An+1, ...} differs fromA by more thare.

Definition 8.3 (Cauchy Sequence sequence of point§ps, p2,...} is
called aCauchy sequencé for each positive numbeg there is an integer

n such that no two of the pointspn, pnt1,. ..} are at a distance from each
other of more thag. A Cauchy sequence of numbers is defined in a similar
fashion.

Definition 8.4 (Limits). Theupper limitfor a set of numbers is the greatest
possible limit of a sequence of numbers in the set. [Blaer limit of a set
of numbers is defined similarly.

Definition 8.5 (Distance between setsJhe distance between two sets is
the greatest lower bound of the distances between the pafiotse set and
the points of the other.

8.1 Exercises

1. Name a set of numbers with no upper limit.

2. Give two mutually exclusive closed point sets whose disteapart is
0.

18



Converging Sequences 19

8.2 Theorems

Prove the following.

44,
45.
46.
47.
48.

49.

50.

Every Cauchy sequence of points onxkexis converges.

Each Cauchy sequence of points in the plane converges.

Each bounded monotone increasing sequence of numbeerges.
Each bounded infinite sequence of points has a convesgbggquence.

Each bounded infinite collection of numbers has an upperand a
lower limit.

If X,Y are two bounded closed sets, there are paintsf X,Y respec-
tively such thap(X,Y) = p(X,y).

If X,Y are mutually exclusive closed and bounded sets, they lie at a
positive distance from each other.
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Chapter 9

Continuous Functions

Definition 9.1. y is afunction of x on the domairD, written
y=f(x) (xe D),

provided that for each element Bfthere corresponds a numbg(x). We
do not suppose th@ is connected or thatt(x) is continuous. However, we
do suppose thatt(x) is single-valued.

Definition 9.2. A point setG is agraph of some functiory = f(x) (x € D)
if itis the collection of all pointg such that for some of D, the coordinates
of pare(x, f(x)). No vertical line intersect& in two or more points.

Definition 9.3 (Domain of definition) Thedomainof a function is the set
of all valuesx for which the function is defined. It may be considered as
the projection of the graph of the function on tkk@xis. If the domain of
definition of f (x) is D, we may writef (x) (x € D).

Definition 9.4 (Range of dependent variabl@herangeof f(x) (xe D) is
the set of all valueg such that for some valueof D, f(x) =y. It may be
considered as the projection of the graph of the functiorhey-axis.

Definition 9.5. A function is said to béoundedif the range of the depen-
dent variable is bounded.

Definition 9.6 (Continuity of a graph) The graphG of a function iscon-
tinuous at the pointp of G if for each pair of horizontal lines, one above
and the other belowp, there is a pair of vertical lines, one to the left and
one to the right o such that every point d& between the vertical lines is
between the horizontal lines. See Figure 9.1.

We give two definitions of continuity of a function at a point.

20



Continuous Functions 21

Figure 9.1: The Continuity of the Graghat p.

Definition 9.7 (Neighborhood definition of continuity at a poinflhe func-
tion f(x) (x € D) is continuous at the valug of X if for each neighborhood
N of f(Xo), there is a neighborhodd of Xy such thatf (y) e Nif ye U - D.

Definition 9.8 (&, & definition of continuity at a point)The functionf (x)(x €
D) is continuous at the valug of D if for each positive numbeg there is
a positive numbed (9 is a function ofxg and f) such that ify belongs tdD
and differs fromxg by less thard, then| f(y) — f(x)| < &.

Definition 9.9 (Continuity of a function) A function is continuous if it is
continuous at each value of its domain of definition.

Definition 9.10 (Discontinuity) A function is discontinuousif it fails to
be continuous at some value of its domain. (Some calculugsboall a
function discontinuous if its domain of definition is lessthall the reals,
but we do not follow this convention.)

9.1 Theorems

Prove the following.

51. A continuous function on a sequentially compact domsalounded.

52. A continuous function on a sequentially compact domasumes its
maximum.

53. The graph of a continuous function on a closed domairosed.

54. If f(x) andg(x) are continuous functions on the same domain of defi-
nition D, then f (x) + g(x) is continuous orm.

55. If f(x) (0 <x < 1) is discontinuous at each irrational value, it is dis-
continuous at some rational value.
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Continuous Functions 22

56.

57.

58.
59.

60.

61.
62.

9.2

Show that iff (x) (a < x < b) andg(x) (a < x < b) are continuous,

f(a) < g(a), andg(b) < ( b), then for some value betweera andb,
f(c) =g(o).

The range of a continuous function is connected if its @orof defi-
nition is connected.

If the graph of a bounded function is closed, the funasarontinuous.

If f(x) andg(x) are continuous functions on the same domain of defi-
nition D, thenf(X) - g(X) is continuous orm.

If f(x) andg(x) are continuous functions on the same domain of defi-
nition D and 0 does not belong to the rangegdX), then f(x) /g(x) is
continuous orD.

Any subset of a continuous graph is continuous.

If f(x) (a<x<b)iscontinuous and(a) <N < f(b), there is a value
c such thatf (c) = N. In fact, there is a least such valae

Exercises

. Describe a function that is not continuous anywhere.
. Describe a function that is continuous at only one point.

. Describe a functiori(x) (0 < x < 1) that is continuous at the irrational

values and discontinuous at the rational values.

. Supposé-(x,y) is a function defined over a plane domain. Give two

definitions of what would be meant Hy(x,y) being continuous at
a point of this domain, one corresponding to each of the diefinsg
above.

. If f(x) (0 < x < 1) is continuous, does it assume its maximum?

. Give an example of a bounded function whose graph is natdex
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Chapter 10

Uniform Continuity

Definition 10.1 (Uniform continuity) The function f(x)(x € D) is uni-
formly continuousif for each positive numbeg there is a positive num-
ber d such that ifx andy are numbers iD differing by less thard, then

0 —fy)l<e.

We note that in the above definition thds not a function of any partic-
ular valuexg of the domain of definition.

10.1 Exercises
1. Give an example of a function that is continuous but nofaumily
continuous.

2. Give an example of a bounded function that is continuotimbuuni-
formly continuous.

10.2 Theorems

Prove the following.

63. If G is an open covering of a sequentailly compactXgthere is a
positive numbek(G) such that for each pointof X, N(x, €) lies in
an element o6. (This numbetk is called the Lebesgue number of the
open coverings.)

64. A continuous function on a sequentially compact doméahedinition
is uniformly continuous.

23



Chapter 11

Sequences of Functions

Definition 11.1 (Convergence)A sequence of functiongfy(x), fa(x),...}
all defined on the same domédlinis said to converge to a functioi{x) on
D provided that for each valueof D, { f1(x), f2(x),...} converges td (x).

Definition 11.2 (Equicontinuity) The sequence of functions

{f1(x), f2(x),...}

on D is said to be equicontinuous if for each positive numbéhere is a
positive numbe® such that ifx,y are values oD differing by less thard,
then for each integer| fi(x) — fi(y)| < €.

11.1 Exercises

1. What is meant by saying that a collection of functions igiegntinu-
ous?

2. Give an example of a sequence of uniformly continuoustfans that
converges to a function that is not continuous.

11.2 Theorems

Prove the following.

65. If a sequence of equicontinuous functions convergefuoaion f (x),
then f (x) is uniformly continuous.

66. If { f1(x), f2(x),...} is a bounded (there is a numbéisuch that-N <
fi(x) < N) equicontinuous sequence of functions on the same domain

24
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of definition, then some subsequence{df(x), f2(x),...} converges
to a continuous function on this domain.
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Chapter 12

Slopes

Calculus is sometimes called a study of certain aspecteabthology of the
real numbers. Functions are certain types of transformstiwhile deriva-
tives and integrals are types of limits.

If f(X) gets close td asx gets near but not equal towe say thatf (x)
approache® asx approaches. More precisely, we give the following
definition.

Definition 12.1 (Limit).
lim f(x)=b

X—a

means thaa s a limit point of the domai of f, and for each neighborhood
N of b there is a deleted neighborhoddof a such that ify € D-U, then
f(y) e N.

Definition 12.2(Slope) Supposés is the graph of a functiorM (xp, xq) de-
notes the slope of the secant line betwpen(xp, f(Xp)) andq= (xg, f(Xq)),
andp is a point ofG which is a limit point ofG. Then if

lim M(XP7XQ)

Xq—Xp
exists, this limit is called the slope & at p.

Definition 12.3 (Derivative) Suppose is a point and a limit point of the
domain of definitiorD of f(x). If

e =pm 1

Y

then we callf’(a) thederivativeof f ata.
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Disregarding the domain of definition #fx), as is often done in casual
treatments of calculus, we have that

() = liino f(a+ 82 —f(a)

means that for each neighborhdéaf f'(a) there is a deleted neighborhood
U of 0 such thatw%_f(a) is an elementoN if hisinU.

Definition 12.4. A graphG is rising at the pointp of G if there exist two
vertical lines, one to the left and the other to the righpafuch that every
point of G between these vertical lines is higher or lower tipaaiccording
as it is to the right or left op.

12.1 Exercises

1. Give ang, 0 definition of what is meant b;/ ILnﬁ(x) =b.

2. Give ang, o definition of what is meant by a function rising.
3. In the definition of limit, is it concluded thdt(a) = b?

4. Make a definition of what would be meant by saying E(hat fim) = b.

5. Give an example of a functiofi(x) (0 < x < 1) that has a derivative
everywhere but whose derivative is not continuous-at0.

6. Give ang, o definition of a derivative.

12.2 Theorems

Prove the following.

67. If a functionf(x) (0 < x < 1) is rising at every point, it is continuous
for at least one value.

68. If f(x) (a<x<b)isrising at every point and# b, thenf(a) < f(b).
69. If a graphG has a slope at a point, it is continuous there.
70. If the graph off (x) is rising at(c, f(c)), thenf’(c) > 0 if f/(c) exists.

71. If f(x) (a<x<b) has a maximum at a valuebetweera andb then
f’(c) = 0if it exists.
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72. If f/(x) (a< x < b) exists andh # b, then there is a valuebetweera
f(b)—f
andb such thatf’(c) = 181,
73. If f/(x) (a<x < b) exists andf’(a)

<N < f/(b), then there is a value
c betweera andb such thatf’(c) = N.
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Chapter 13

Transformations

Definition 13.1. A transformation fof X into Y is a function, rule, or law
which assigns to each elemendf X a unique element(x) of Y.

Definition 13.2. If for each pointy of Y there is at least one elementf X
such thatf (x) =y, the transformation is said to takeontoY.

Definition 13.3. If for eachy of Y there is exactly one elemexbf X such
that f (X) =y, the transformation is callezhe-to-oneor (1-1).

Equations are examples of transformations of the real nusrbt the
real numbersf (x) = x3 is both (1-1) and ontof (x) = x> — x is onto but not
(1-1), while f (x) = x? and f (x) = sin(x) are neither (1-1) nor onto.

Rotations, translations, projections, congruences, enibsities are ex-
amples of transformations encountered in geometry.

Also, real valued functions may be regarded as transfoamsif points
on thex-axis into points of the plane on the same vertical line witén.
Hencef (x) = x? (1 < x < 2) may be regarded as a transformation of the part
of the x-axis betweer{1,0) and(2,0) onto the part of the graph gf= x?
between(1,1) and(2,4).

Furthermore, a real valued function may be regarded as sftranation
on thex-axis. Thenf(x) = x*> would take the pointa,0) into the point
(0,a%). See Figure 13.1.

Definition 13.4. If f is a transformation oX intoY andA is a subset oK,
then theimageof A, denotedf (A), is the sef f(x) | x € A}. See Figure 13.2
below.

Definition 13.5. If B c f(X), theinverseof B, denotedf ~1(B), is the set
{X] f(x) € B}.
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Nl il f(p)

Figure 13.2:A and its imagef (A).

As an example of ~1(B), consider the example shown in Figure 13.3,
in which the functionf is a projection onto a line.

Figure 13.3:f is a Projection onto a line.

Definition 13.6 (Neighborhood definition of continuity)A transformation
T of X into Y is continuous at the poink of X if for each neighborhoodl

of f(x) there is a neighborhodd (x,N) of x such thaflf (U -X) C N. T is

continuousif it is continuous at each point of.

Definition 13.7. A continuous transformation is callech@apping

Definition 13.8. The image of an interval under a mapping is callenha-
tinuous curve (Also called a Peano curve.)

13.1 Exercises

1. Give an example of an into transformation that is not ao tmainsfor-
mation.

Miller / Creswell<< R H Bing  Journal of Inquiry-Based Learning in Mathematics



Transformations 31

2. Describe a 1-1 transformation of the non-negative reaibyars onto
the reals.

3. Is there a transformation of the plane onto a point? Of atmmito the
plane?

4. Give ang, ¢ definition of continuity of a transformation.
5. Give a definition of uniform continuity of a transformatio

6. Show that a continuous transformation does not presetyefthe
following properties individually:
(a) boundedness,

(b) being closed,

(c) being infinite,

(d) being unbounded,

(e) having area of 1 square foot,
(H having length of 1 inch.

7. Supposq is a continuous transformation of the plane into the plane.
Which of the following properties implies that it is contious at the
origin?

(a) T is continuous on each line through the origin.

(b) T is continuous on each vertical and horizontal line.
(c) T is continuous on each straight line.

(d) T is equicontinuous on the lines through the origin.

(e) T is equicontinuous on all vertical lines and continuous ori-ho
zontal lines.

13.2 Theorems

Prove the following.

74. Connectedness is preserved by a continuous transformat
75. Sequential compactness is preserved by a continusmssdrenation.

76. If T is a continuous transformation &f, then for each relatively open
subseN of T(X), T-1(N) is a relatively open subset .

77. A transformation is continuous if the inverse of opels seé open.
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78. A square plus its interior is a continuous curve.

79. If xis a limit point of M andT is a continuous transformation df,
thenT (x) is either a point or a limit point of (M).

80. If {x1,%2,...} converges tog, then{T(x1),T(x2),...} converges to
T(x) if T is a continuous transformation defined on a set containing
thex’s.
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Chapter 14

Function of a Function

If gis amap ofX intoY and f is a map ofY into Z, thenfg is a map of
X into Z. To find fg(x), first consider, then its imagey(x) underg, and
finally the imagefg(x) of g(x) underf. See Figure 14.1.

X @in
\_//

fg
Figure 14.1: Function of a Function.

To show thatfg is continuous ax, we need to show that for each neigh-
borhoodJ of fg(x) there is a neighborhood of x such thatfg(V - X) C U .
This is done by considering a neighborh&f g(x) such thatf (W -Y) C
U and then picking/ so thatg(V - X) C W.

If f andg are real valued functions of real numbers, the grapfgahay
he constructed from the graphs bandg.

Here is how to plot(a, fg(a)). Usinga, find the value ofg(a) on the
graph ofg. Using this valugy(a) thus obtained, find the valuigg(a)) on
the graph off. Then plot the pointa, fg(a)) on the graphf g.

In Figure 14.2, we leg(x) = x> — 4, f(x) = sin(x) —x, and fg(x) =
sin(x? — 4) — (x* — 4).

Of course in plotting, it is much better to get an idea of theegal posi-
tion of many points at once rather than plot them one at a time.
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NS
\/

Figure 14.2: Several Graphs.

N

14.1 Theorem

Prove the following:

81. If g is a continuous transformation ofiand f is a continuous trans-
formation ofg(X), thenfgis continuous orX.
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Chapter 15

Homeomorphisms

Definition 15.1. If f is a (1-1) transformation ok ontoY, f~1is a (1-1)
transformation o ontoX. If both f and f ~! are continuousf is called a
homeomorphism

Not every (1-1) continuous transformation is a homeomauphi For
example, letf (x) be the function defined for> 0 by

f(x) = | cos 2T sin 2T
N x+1)’ x+1/))°
f(x) takes a ray continuously and (1-1) onto a circle in the plaoef ~1is

not continuous atl1,0).

Definition 15.2. Two sets ardhomeomorphicor topologically equivalentf
there is a homeomorphism of one onto the other.

Definition 15.3. Any set topologically equivalent to an interval is called an
arc.

/_/

Interval  Arcofcircle  Continous graph of f(z) (a <z<b) Broken line

Figure 15.1: Some Arcs.
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Definition 15.4. Any set topologically equivalent to a circle is calledien-
ple closed curver al-sphere

A@O@ﬁhiJ

Triangle Rectangle  Ellipse Knot Polygon Boundary of
area under graph

Figure 15.2: Some Simple Closed Curves.

It may be shown that in the plane the “interior” of any simplesed
curve is topologically equivalent to the interior of a ceclThis is part of
the Jordan curve theorem.

When one speaks of the area of a circle, he probably refetsetarea
of its interior. There are simple closed curves that wiggtaad so much
that in a certain sense, they have no area. However, it is pbitance in
integral calculus that i is the continuous graph gf= f(x) (a<x<b)
andf(x) > 0 andJ is the simple closed curve which is the sun®énd the
intervals from(a,0) to (a, f(a)), (a,0) to (b,0), and(b,0) to (b, f (b)), then
the area of the interior of does exist. It is callegf;’ f(x) dx.

Definition 15.5. A set topologically equivalent to the surface of a sphere is
called asimple surfaceor a2-sphere

=

Figure 15.3: Some Simple Surfaces.

There are wild simple surfaces in Euclidean 3-space whds&ans are
not topologically equivalent to the interior of a sphere.

Although two surfaces are topologically equivalent to eattter it may
not be possible to push, pull, and stretch one without brepiind tearing to
make it fit on the other. See Figure 15.4 for a picture of twdhsswafaces.
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Homeomorphisms 37

) e

Unknotted tube Knotted tube

Figure 15.4: Topologically Equivalent, but .. ..
Definition 15.6. A set isnondegeneratef it contains more than one ele-
ment.

Definition 15.7. A continuumi s a closed and connected point set.

15.1 Exercises
1. Describe a homeomorphism between a disk and a triangseitglin-
terior.
2. Show that a simple closed curve is bounded.
3. Show that an arc is not homeomorphic with a simple closegecu

4. LetM be the sum of the graph of

. (1 1 1
y sm(x) ( n_x_ n,x;«éo)

and the origin. 19V connected? I81 a continuum? Is there a (1-1)
continuous transformation & onto an interval?

15.2 Theorems

Prove the following.

82. A segment is homeomorphic with a line.
83. The plane is homeomorphic with the interior of a circle.
84. The surface of a sphere minus a point is homeomorphicthgtblane.

85. An open subset of the plane is connected if and only if @aahof its
points can be joined by an arc in it.
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Homeomorphisms 38

86. The homeomorphic image of a nondegenerate sequert@iypact
continuum is a nondegenerate sequentially compact cantinu

87. If p andq are two points of a simple closed curdethend — ({p} +
{q}) is not connected.

88. If pis a non end point of an aw, thenA— {p} is not connected.
89. There is an arc with no length.

90. The graph of a continuous functid(x) (a < x < b,a< b) is an arc.
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Chapter 16

Cantor Set

Definition 16.1. Let My = [0,1] be a straight line intervalM, = M1 —
(1/3,2/3) be the part ofM; remaining after the open middle third of it
is removedM3 = M2 — (1/9,2/9) — (7/9,8/9) be the part remaining after
the open middle thirds of the intervalsifiy are removed, ...and so on. The
intersection oM1, Mo, ... is called theCantor setor theCantor discontin-
uum or theCantor ternary set

Definition 16.2. A set isperfectif it is closed and every point of it is a limit
point of it.

The Cantor set is an example of a perfect set that containsmaegen-
erate continuum.

16.1 Exercises

1. Find the sum of the lengths removed in forming the Cantbr se

2. If at the first step the middle open third of [0,1] was rendhvat
the next step the open middle ninths of the remaining interware
removed, at the next step the open middle twenty sevenths rger
moved.,. .., show that the sum of the lengths removed is different from
1. Show that the resulting set is homeomorphic with a Cargbr s

16.2 Theorems

Prove the following.
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Cantor Set 40

91. Aninterval is the image of the Cantor set under some ooatis trans-
formation. (It can be shown that any sequentially compacisssuch
an image.)

92. Any perfect set has uncountably many points.
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Chapter 17

Baire property

Definition 17.1. A subsetM of A is calleddensein A if each point ofA
belongs taV.

Definition 17.2. A setX is separabldaf some countable subset ¥fis dense
in X.

Definition 17.3. A subsetM of A is callednowhere densén A if M does
not contain any relatively open subsetfof

Definition 17.4. The intersection of a countable number of open sets is
called aninner limiting setor aGg set.

Definition 17.5. The sum of a countable number of closed sets is called an
Fg set.

17.1 Theorems

Prove the following. Theorems 93 and 94 are extensions obrEme 43.

93. The square plus its interior is not the sum of a countabtaber of
nowhere dense sets.

94. (Baire property theorem.) No sequentially compacKsistthe sum of
a countable number of closed sets no one of which containativee
open subset oX.

95. A closed set is an inner limiting set.
96. The complement of @5 set is anF, set and conversely.

97. No interval is the sum of a countable number more than dnautu-
ally exclusive closed sets.
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98. The plane is separable.

Miller / Creswell<< R H Bing  Journal of Inquiry-Based Learning in Mathematics



Notes to the Instructor

1The restriction that the sets be closed is not needed hestudénts don’t notice it
now, they will probably figure it out when they get to TheorenoBe proof of which uses
the stronger version of this theorem.

2Students will probably come up with a variety of possiblegenies here. One that
might come up and would be particularly nice to discuss reoennectedness.

3My students (and I) always find this question confusing. hithhe point is that we
can include the empty set as a neighborhood if we want to. \Wetliak of it as the
interior of a circle with radius 0. Or, if we're thinking moedbstractly, if we have a space
satisfying Axioms 1 and 2 in which the empty set isn’t a neigtiood, we can add it as a
neighborhood without changing the resulting open sets.

4This definition was missing from the version of Bing’s noteattwas passed down and
that | originally used. The version used here was interpdl&tom [2].

5In my experience, students often propose Lemmas and Coeslianhile working on
this section. We usually name these and incorporate thenthiettheorem sequence. Here
are some examples taken from my classes:

1. If X; andX; are not mutually separated; C A;, andX, C Ay, thenA; andA, are
not mutually separated.

2. If X is a connected set arlandB are non-null mutually separated sets such that
X CA+B,thenX CAorX CB.

3. If AandB are mutually separated, théris relatively open irA+ B.

4. If Ais the union of two disjoint closed sets, then it isn't corteec

6In Bing’s original notes, he calls this propedgmpactnesand calls what we now call
compactnesbicompactnessThis has been changed here to reflect modern usage.

43



Appendix A

Nathaniel Miller's Sample Midterm

| give anin-class midterm. | tell students ahead of time theamidterm will
include several theorems and/or problems that have besariesl in class,
as well as some other (easier) problems. 1 like to includexdraeredit
problem for the stronger students. The following is the eidit | gave last
time | taught the course. This midterm covered the mateinahapters 1
and 2.

1. (20 points) Prove two of the following three Theoremsyasag only
the preceding Theorems. (If you turn in all three, | will ogisade the
first two.)

(a) Theorem 6: The product of two open sets is open.
(b) Theorem 8: For each skt X is closed.
(c) Theorem 15: The complement of a closed set is open.

2. (20 points) Prove or disprove:

(&) Any (possibly infinite) union of closed sets is closed.
(b) Any (possibly infinite) intersection of closed sets igsed.

\ Definition T.1 \A point p is aninterior point of a setH iff there exists
a neighborhood\, of p such thatN, C H.

| Definition T.2 | Theinterior of a setS, denoted byiNT (S), consists
of all pointsp € Sthat are interior points d&.

3. (20 points) Prove or disprove the following statement:efeery setS,
INT (S) is the union of all of the open sets containedin

| Definition T.3] If f:A — B is a function fromA to B, andS'is a
subset oB, then theinverse imageof Sunderf, denoted byf ~1(S),
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Nathaniel Miller's Sample Midterm 45

is defined to be the set of all elememts A such thatf(a) € S. That
is,
f-1(S)={acA|f(a) e S

| Definition T.4 | Recall from calculus that a functioh:R — R is de-
fined to becontinuousiff

(V%o € R)(Ve > 0)(30 > 0)(VXe R)(|x—Xo| < & — | f(X) — f(x0)| < €).

4. (Extra Credit) Letf : R — R be given. Prove that the following are
equivalent:

(a) f is continuous.
(b) If Sis any open set iR, thenf~1(S) is also open.
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Appendix B

Nathaniel Miller's Sample Final

| give a take home final in this class. | usually give it out & tiext-to-last
class, and itis due during our scheduled final exam meetimg 0 students
have about one week to complete it. This is the exam | gavetifast |
taught the class. Although it contains 12 problems, eadttestiwas only
assigned 5 of them. | picked an appropriate selection oflpnod for each
person, since some students were much stronger than atllenss. | have
given this kind of take home exam several times, with diffiéngroblems
for different students, and | have never gotten any comdairstudents
understand that different students are working at diffelerels. When this
exam was given, we had studied Chapter 5 on sequential congsacbut
had not yet gotten to Chapter 7 on compactness.

Instructions

In completing this exam, you may consult your notes and haitsdivom
this class, but you may not consult any other sources or stdtie problems
with anyone other than me.

To receive full credit, your answers must be complete andecgrand
written clearly so that one of your peers who was a reasorskilatic could
follow your arguments completely and be fully convinced bgrh.

You may assume any theorems previously proven in the paahketyou
may assume any previous problem in working a later problemn(& you
didn’t do the earlier problem).

Your final copy will not be accepted if it does not include tlddwing
honor pledge written and signed:

“I pledge on my honor that this examination represents my wark in
accordance with University and class rules; | have not deedany outside
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Nathaniel Miller's Sample Final 47

sources, nor have | given or received help in completingetkésn.”

Definitions

\ Definition T.1 \ A point p is aninterior point of a setH iff there exists a
neighborhood, of p such thatN, C H.

| Definition T.2 | Theinterior of a setS, denoted byNT (S), consists of all
pointsp € Sthat are interior points d&

| Definition T.3]If f:A— Bis a function fromA to B, andSis a subset of
B, then theinverse imageof Sunderf, denoted byf ~1(9), is defined to be
the set of all elements e A such thatf (a) € S. That is,

f-1(9 ={acA|f(a) S}

| Definition T.4 | Recall from calculus that a functidit R — R is defined to
be continuousiff

(Yxo € R)(Ve > 0)(30 > 0)(Yx € R)(|x—xo| < 8 — |f(X) — f(x0)| < €).

| Definition T.5 | A function f is called shomeomorphisnif f is one-to-one
and onto, and botfi and f~* are continuous. If : A— B is a homeomor-
phism, therA andB are said to bédlomeomorphido one another.

\ Definition T.6 \ A setSis said to becompactif every open cover’ of S
contains a finite subcover. An open coverSik a collection of open sets
such that every poirge Sis in one of those open seBse 0.

Problems
Let Bd(S) denote the boundary &

1. Prove or disproveBd(S) is empty if and only ifSis both open and
closed.

2. Prove or disprove the following statemeBd(S) = S— INT (S).

3. Prove: IfA andB are mutually separated; is connected, an@ C
AUB, thenCCc AorC C B.

4. Prove or disprove: IT is a connected set, atdlis a (possibly infinite)
collection of sets5; such that no one of them is mutually separated
from C, then the seA = CUJ; G; is connected.
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Nathaniel Miller's Sample Final 48

5. Prove or disproveR? is connected.
6. Letf:R — R be given. Prove that the following are equivalent:

(a) f is continuous.
(b) If Sis any open set iR, thenf~1(S) is also open.

7. Prove: The interval—1,1) is homeomorphic t.
8. Prove: The open disp|d(p, (0,0)) < 1} is homeomorphic t&R>.

9. Prove or disprove: IA andB are homeomorphic, thelis connected
if and only if B is.

10. Must a connected component of an open sBfibe open? Prove your
answer.

11. Prove or disprove: Every compact set is sequentiallypamn

12. Prove or disprove: Every sequentially compact set ispamn
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