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1.) If Z ∼ N (0, 1), then show Y = Z2 ∼ χ2(1).

2.) Let X1, . . . , Xn be a random sample from X ∼ N (θ, σ2). Find the UMVUE for θ(1− θ).

3.) If X1, . . . , Xn is a random sample from f(x) with E[X] = µ and Var[X] = σ2 then show:
E[X̄] = µ and E[s2] = σ2.

4.) In general terms, describe the procedure used to perform the Sign Test when testing
for equal means from two dependent populations (i.e. H0 : µD = 0 versus H1 : µD 6= 0
where µD = mean of the difference “Pre-Post). If needed, construct a sample table of data
to explain the procedure.

5.) Consider the use of a blocking factor, such as farms or batches of material, in an
experiment comparing several treatments. A blocking variable is frequently treated as a
random effects factor in the analysis. Answer the following questions related to this practice.

i. Conceptually, what does it mean to treat blocks effects as random rather than fixed?

ii. What impact will this have on tests of fixed effects and confidence intervals for treat-
ment means?

iii. What is gained by treating blocks as a random factor?

6.) Prove the following, for the General Linear Model Y = Xβ + ε with Cov(ε) = σ2I:

i If cTβ is estimable, then E[cT β̂] = cTβ, where β̂ is the Least Squares estimator.

ii. If cTβ is estimable, then Var(cT β̂) = σ2cT (XTX)−c, where β̂ is the Least Squares
estimator.

iii. Using i. and ii., state two important properties of estimable functions of linear model
parameters.
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7.) Consider the General Linear Model Y = Xβ + ε with Cov(ε) = σ2I.

i. Prove that YT
(

Px

σ2

)
Y and YT

(
I−Px

σ2

)
Y are both distributed as χ2 random variables.

Give the degrees of freedom associated with each.

ii. Prove that YT
(

Px

σ2

)
Y is distributed independently of YT

(
I−Px

σ2

)
Y.

iii. Find the distribution of

YT (Px)Y/rank(X)

YT (I−Px)Y/(n− rank(X))
.

8.) Consider a random vector Y with conditional Poisson response distribution, Yi|λi ∼
Poi(λi), and a prior for λi of unknown distribution but with moments assumed as: mean =
Λ and variance = τ 2Λ, so that λi ∼ (Λ, τ 2Λ). Show that, for τ 2 > 0, this corresponds to a
marginal overdispersed Poisson distribution for Yi with a variance multiplier that is greater
than 1.

9.) Consider the orthogonal factor model x = LF + e.

i. Derive the model-implied covariance structure of x

ii. Verify that L is not a unique solution by showing that both factor analysis equations
above still hold when L is transformed (i.e. rotated) by any orthogonal m×m matrix
T.

10.) Prove that in the multiple linear regression, R2 is the square of correlation between y
and ŷ.



Applied Statistics Comprehensive Exam

August 2014

Ph.D Theory Exam

This comprehensive exam consists of 10 questions pertaining to theoretical statistical topics.

1 This Ph.D level exam will run from 8:30 AM to 3:30 PM.

2 Please label each page with your identification number.

DO NOT USE YOUR NAME OR BEAR NUMBER.

3 Please write only on one side of each page.

4 Please leave one inch margins on all sides of each page.

5 Please number all pages consecutively.

6 Please label the day number (Day 1 or Day 2) on each page.

7 Please begin each question on a new page, and number each question.

8 Please do not staple pages together.

9 No wireless devices, formula sheets, or other outside materials are permitted.

10 Statistical tables and paper will be provided.

11 Relax and good luck!

I have read and understand the rules of this exam.

Signature: Date:



Applied Statistics and Research Methods - August 2014 - Theory Comprehensive 2

1.) Let X1, . . . , Xn be a random sample from:

f(x) =

{
1
θ
, 0 < x < θ

0, elsewhere

If Yn = X1:n, does Yn have a limiting distribution? If so, what is it?

2.) Let X1, . . . , Xn be a random sample from X ∼ Unif(0, θ), θ > 0.

i. Find the MME of θ. Is it unbiased?

ii. Find the MLE of θ. Is it unbiased?

3.) Let X1, . . . , X5 be a random sample from X ∼ Pois(θ), θ > 0. Find the UMP size
α = 0.05 test for H0 : θ = 1 versus H1 : θ > 1. Identify the test statistics and the
corresponding critical value for this test. Also, find πφ(θ = 3).

4.) In general terms, describe the procedure used to perform the Wilcoxons Signed Ranks
Test when testing for equal means from two dependent populations (i.e. H0 : µD = 0 versus
H1 : µD 6= 0 where µD = mean of the difference “Pre-Post”). If needed, construct a sample
table of data to explain the procedure.
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5.) Consider a situation where two-stage nested design is applicable. Suppose a company
wishes to determine whether the purity of raw material is the same from each supplier. There
are four batches of raw material available from each supplier, and three determinations of
purity are to be taken from each batch.

i. Explain in words and using a schematic diagram why it is a two-stage nested design.
How does the design differ from a block design?

ii. Suppose, there are a levels of factor A, b levels of factor B, and r replicates. Consider
that the jth level of factor B is nested under ith level of factor A.

Write the statistical model for the above two-staged nested design. Concisely describe
all the terms used in the model.

iii. Assuming both A and B as random factors, sketch the appropriate ANOVA table show-
ing the sources of variation, degrees of freedom, Sum of Squares (SS), Mean Squares
(MS), Expected Mean Squares (EMS), and the F0 statistic under the null hypotheses.
You do not need to show the formulas for calculating the sum of squares or mean
squares. However, you need to show the expressions for EMS. Always write the null
and alternative hypotheses.

iv. Explain how would use such an ANOVA table to test your hypotheses?

6.) Suppose Y ∼ N (µ, I), and that A is a symmetric and idempotent matrix. Prove that:

YTAY ∼ χ2

(
rank(A),

µTAµ

2

)
.

(HINT: Define Z = VTY, where V is defined using a basis for C(A).)

7.) Consider the General Linear Mixed Model Y = Xβ+ Zu+ ε, where Cov(u) = G = σ2
uI

and Cov(ε) = σ2I. The BLUP for u is given by

û = GZTV−1(Y−Xβ̂),

where V = Cov(Y) and β̂ indicates GLS estimators for β. Prove the “U” in BLUP. That
is, prove that

E[û− u] = 0.

8.) For a 2 × 2 × 2 contingency table, show that equal XY conditional odds ratios (homo-
geneous association) is equivalent to equal Y Z conditional odds ratios.
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9.) The spectral decomposition of a k × k symmetric matrix A is given by

A = λ1e1e
′
1 + λ2e2e

′
2 + · · ·+ λkeke

′
k

where λ1, λ2, . . . , λk are the eigenvalues of A and e1, e2, . . . , ek are the associated normalized
eigenvectors.

i. Let X be distributed as Np(µ,Σ) with |Σ| > 0. Then, by spectral decomposition with
A = Σ, we get

Σ−1 =

p∑
i=1

1

λi
eie
′
i,

where Σ−1ei = (1/λi)ei. Show that (X − µ)′Σ−1(X − µ) is distributed as χ2
p, where

χ2
p denotes the chi-square distribution with p degrees of freedom.

ii. Let X1,X2, . . . ,Xn be independent observations from any population with mean vec-
tor µ and finite covariance matrix Σ. Then by central limit theorem, for large sample
sizes and n >> p,

√
n(X̄ − µ) ∼ Np(0,Σ).

Demonstrate that

n(X̄ − µ)′Σ−1(X̄ − µ) is distributed as χ2
p.

iii. What is the distribution of

n(X̄ − µ)′S−1(X̄ − µ)

where S is the sample covariance matrix.

10.) In a multiple linear regression model, show

V ar(β̂j) =
1

1−R2
j

σ2

(n− 1)s2
xj

,

where s2
xj

is the variance of xj and R2
j denotes the coefficient of determination from the

regression of xj on the other regressors. Use this result to show that multicolinearity causes
inflated variance for parameter estimates.
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1.) If Z ∼ N (0, 1), then show Y = Z2 ∼ χ2(1).

2.) Let X1, X2, . . . , Xn be a random sample from X ∼ N (θ, σ2 = 3). Find the UMVUE of
τ(θ) = c where P (X < c) = 0.90. (i.e. find the UMVUE of the 90th percentile.) Note c can
be written as a function of θ.

3.) If X1, X2, . . . , Xn is a random sample from f(x) with E[X] = µ and Var[X] = σ2 then
show: E[X̄] = µ and E[s2] = σ2.

4.) In general terms, describe the procedure used to perform the Sign Test when testing for
equal means from two dependent populations (i.e. H0 : µD = 0 versus H1 : µD 6= 0 where
µD = mean of the difference “Pre-Post”). If needed, construct a sample table of data to
explain the procedure.

5.) An experiment was conducted comparing different formulations and methods of applying
a pesticide to the leaves of cotton plants. The goal was to increase the amount of active
pesticide remaining on cotton plant leaves one week after application.

The pesticide being studied degrades in sunlight and a certain additive to the formulation
retards this process. Different application techniques may differ in the amount of pesticide
delivered to the plant leaves. The treatment factors in this experiment were two different
formulations of the pesticide and two different application methods, resulting in a 22 factorial
experiment.

The experimental unit was a 20′ row of cotton plants called a plot, because this was a
convenient area within which the application of pesticide could be controlled. Eight plots
were selected and two were randomly assigned to each of the four treatment combinations,
resulting in two replicates per treatment combination.

One week after application, the experimenters were ready to determine the pesticide
residue remaining on the plant leaves. However, there was too much plant material in an
entire plot to send to the lab for analysis. Therefore, two samples of leaves in an amount
convenient for laboratory analysis of the pesticide resides were selected from each plot. Each
sample was sent to the lab resulting in the data shown in the Table on the following page.

i) Suggest an analysis plan for this study. In particular, mention and justify what type
of analysis would be appropriate for this data (e.g., nested design analysis, split-plot
design analysis, ordinary factorial experiment analysis etc.) If you decide to carry out
n nested design, you must clearly mention which factor/factors is/are nested under
what. If you decide to choose a split-plot design, you must clearly mention why is it
a split-plot design and what are your whole-plot and split-plot factors. If you decide
to chose ordinary factorial experiment, you must justify the reason for choosing this
design.

ii) List all potential factors for determining the pesticide residue and mention whether
each of the factors is fixed or random.
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Table 1: Pesticide Residue on Cotton Plants

Application Sample
Formulation Technique Plot 1 2

A 1 1 0.237 0.252
A 1 2 0.281 0.247
B 1 1 0.247 0.294
B 1 2 0.321 0.267
A 2 1 0.392 0.378
A 2 2 0.381 0.346
B 2 1 0.351 0.362
B 2 2 0.334 0.348

Question 5, Continued

iii) Write down an appropriate statistical model and define all the terms in the model.
Your model must conform to the analysis plan that you’ve proposed in the above.

iv) Crete a dummy ANOVA table to summarize your findings about the factors that affect
pesticide residue on cotton plants. Briefly discuss how would you make recommenda-
tion to the experimenter.

6.) Respond to each of the following.

i) State and prove the Gauss-Markov Theorem.

ii) Using the theorem from part i, respond to the question, “Why do you tend to use
Least Squares Estimators for linear modeling?”

7.) Assume a Normal General Linear Model, such that Y ∼ N (Xβ, σ2I). For the following
questions, do not assume mean-corrected sums of squares.

i) Show that SSE/σ2 ∼ χ2 (n− rank(X)). (HINT: Think about Y/σ as a random
variable.)

ii) What is the distribution of SSR/σ2? Derive your answer.

iii) Show that SSR and SSE are distributed independently of each other.

iv) Using parts i, ii, and iii, what can you conclude about the distribution of SSR/rank(X)
SSE/(n−rank(X))

?
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8.) Consider a contingency table of dimension I × J under the assumption of Independent
Multinomial sampling; that is, each row is distributed as a multinomial, independent of all
other rows.

i) Derive a formula for the likelihood ratio test statistic G2 for the Test of Homogeneity.

ii) Show that the associated degrees of freedom for the Test of Homogeneity is (I−1)(J−
1).

9.) The spectral decomposition of a k × k symmetric matrix A is given by

A = λ1e1e
′
1 + λ2e2e

′
2 + · · ·+ λkeke

′
k

where λ1, λ2, . . . , λk are the eigenvalues of A and e1, e2, . . . , ek are the associated normalized
eigenvectors.

i) Let X be distributed as Np(µ,Σ) with |Σ| > 0. Then, by spectral decomposition with
A = Σ, we get

Σ−1 =

p∑
i=1

1

λi
eie
′
i,

where Σ−1ei = (1/λi)ei. Show that (X − µ)′Σ−1(X − µ) is distributed as χ2
p, where

χ2
p denotes the chi-square distribution with p degrees of freedom.

ii) Let X1,X2, . . . ,Xn be independent observations from any population with mean vec-
tor µ and finite covariance matrix Σ. Then by central limit theorem, for large sample
sizes and n >> p,

√
n(X̄ − µ) ∼ Np(0,Σ).

Demonstrate that

n(X̄ − µ)′Σ−1(X̄ − µ) is distributed as χ2
p.

iii) What is the distribution of

n(X̄ − µ)′S−1(X̄ − µ)

where S is the sample covariance matrix.

10.) Consider the test for lack of fit for a multiple linear regression. Find E(MSPE) and
E(MSLOF ). Note that

MSPE =
1

n−m

m∑
i=1

ni∑
j=1

(yij − ȳi)2

MSLOF =
1

m− p

m∑
i=1

ni(ȳi − ŷi)2
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1.) Let X be a random variable such that X ∼ Bin(n, p). Show that E[X] = np.

Hint:
n∑

j=0

(
n
j

)
ajbn−j = (a+ b)n

2.) Let X be a random variable such that X ∼ Geo(p). Show that the Geometric distribution
is memoryless (i.e. show P (X > j + k|X > j) = P (X > k)).

3.) Let X1, X2, . . . , Xn be a random sample from X ∼ Exp(θ, η). Find the MLE of θ and η.

4.) Discuss how the sign test may be used to test H0 : median = c where c is some
hypothesized median.



Applied Statistics and Research Methods - August 2016 - Theory Comprehensive 3

5.) Respond to the following.

i. Construct a 24−1 fractional factorial design with I = ABCD as a defining relation.
Show the detailed steps including alias structure and the construction of the design.
Are there any better designs than this?

ii. What do you know about fold-over designs? Could you think of a situation where
a fold-over design would be appropriate and justify why? Consider a one-sixteenth
fraction of a 27 factorial experiment. What are the advantages of this particular design
as opposed to a completely randomized full factorial design involving the same factors
and their levels?

iii. Think of the 1/16th fraction of a full 27 factorial design. Construct the fractional
design with I = ABD, I = ACE, I = BCF , and I = ABCG as the design generators.
Show the complete defining relation and tell us how many words are in there. Show
complete alias structure of the main effects ignoring all the three- and higher-order
interactions.

iv. Now show us the steps necessary to obtain de-aliased estimates of the main effects for
this 1/16th fractional factorial design.

6.) Consider the linear model

Y = Xβ + ε,

where X is an n× k matrix.

i. Find the orthogonal projection matrix PX .

ii. Let A be an n× n orthogonal matrix. Show that the matrix A′PXA is an orthogonal
projection.

7.) Suppose a true regression model is given by Y = Xβ + ε, but in practice it is underfit
with the model,

Y = XUβU + ε,

where the subscripts “U” indicate underfit. Let XO and βO indicate the columns and
parameters that are omitted by the underfit model.

i. Assuming β̂U is obtained using ordinary least squares, find an expression for E[β̂U ].

ii. Find an expression for the bias of β̂U . Under what circumstances would this bias be
equal to zero?
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8.) Consider the proportional odds cumulative logic multinomial logistic regression model,
in which the log-odds is modeled as follows:

ln

(
π≤j

1− π≤j

)
= β0j +

J∑
k=1

βkxkj,

where π≤j =
j∑

k=1

πk, and πk indicates the probability associated with ordered category k.

i. Find an expression for each πk. (Hint: use something like ηj as a placeholder for the
right-hand-side of the model equation.)

ii. For a unit increase of predictor xk, show that the odds ratio is given by exp(βk).

9.) Respond to the following.

i. Explain in non-technical terms the concept of maximum likelihood estimation. Mention
one key difference between a likelihood function and a joint density function.

ii. Consider the observation vectors y1,y2, . . . ,yn are from a multivariate normal distribu-
tion with mean vector µ and covariance matrix Σ. Write down the likelihood function
L(µ,Σ;y1, . . . ,yn) and obtain the maximum likelihood estimates of µ and Σ. You
may use any known results from matrix algebra to simplify the steps.

10.) Assume the model is
Y = Xβ + ε,

where X is full rank, Eε = 0,Var(ε) = σ2V , V is a known positive definite matrix. Find
the generalized least-squares estimator of β.
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1.) Let X1, X2, . . . , X10 be a random sample from X ∼ GAM(θ = 8, κ = 6). Find the pdf
of Y = 4X1 + 4X2 + · · ·+ 4X10.

2.) Let X1, . . . , Xn be a random sample from Xi ∼ Pois(θ) and we want to estimate τ(θ) = θ.

i. Find an unbiased estimator T of τ(θ).

ii. Find the variance of T .

iii. Find the CRLB of τ(θ) = θ.

iv. Is T the UMVUE of τ(θ) = θ? Why or why not?

3.) Consider the family of distributions,

f(x|p) = px(1− p)1−x, x = 0, 1,

where p ∈ {1/2, 2/3}. Is this family of distributions complete? Justify your answer.

4.) In general terms, describe the procedure used to perform the Sign Test when testing for
equal means from two dependent populations (i.e. H0 : µD = 0 versus H1 : µD 6= 0, where
µD = mean of the difference “Pre-Post”). If needed, construct a sample table of data to
explain the procedure.

5.) Consider and experiment in which an industrial engineer would like to assess six different
two-level factors (think of these as factors A, B, C, D, E, and F , each with “+” and “−”
levels). The experimental units to be sacrificed for testing are very expensive laptop circuits.

i. Explain why this industrial engineer may not want to use a full factorial 26 design.
If she is not financed sufficiently to perform 26 = 64 runs, but can afford 16 runs,
determine a more appropriate type of design that can be applied.

ii. Assume the industrial engineer will apply a 26−2 design, using I = ABCE and I =
BCDF as the design generators. Produce a table showing the treatment combinations
applied for each of the 16 runs.

iii. Explain the meaning of the alias structure for this design, and produce the alias struc-
ture for all main effects and two-factor interactions.

iv. Explain the meaning of the term resolution in this context. What is the resolution of
this design?
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6.) Consider the balanced one-factor random effect model,

Yij = µ+ ai + εij,

where i = 1, . . . , I, j = 1, . . . , n, ai ∼ N (0, σ2
a), and εij ∼ N (0, σ2) with all random effects

independent.

i. Derive an expression for the response variance-covariance structure, V.

ii. Show that the GLS estimator for µ is equivalent to the OLS estimator, Ȳ...

(HINT: Use (I + γJ)−1 = (I− γ
1+nγ

J).)

7.) Consider the General Linear Mixed Model Y = Xβ+ Zu+ ε, where Cov(u) = G = σ2
uI

and Cov(ε) = σ2I. The BLUP for u is given by

û = GZTV−1(Y−Xβ̂),

where V = Cov(Y) and β̂ indicates GLS estimators for β. Prove the “U” in BLUP. That
is, prove that

E[û− u] = 0.

8.) The zero-truncated Poisson distribution can be derived from the Poisson distribution by
conditioning on positive counts.

i. Show that the zero-truncated Poisson pmf can be written,

f>0(y;λ) =
λy

y!(eλ − 1)
,

where λ is the rate parameter from the original Poisson distribution.

(HINTS: f(y;λ) = λye−λ

y!
, P (Y = y|λ) = P (Y = y|λ, y > 0)× P (Y > 0|λ))

ii. Show that the mean of the zero-truncated Poisson can be written,

E[Y ] =
λ

1− e−λ
.

(HINT: For y ∈ (1,∞), define z = y − 1.)
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9.) Consider the p×1 vectors X1, . . . ,Xn representing a random sample from a multivariate
normal population with mean vector µ and covariance matrix Σ. Suppose X1, . . . ,Xn are
mutually independent and each with distribution Np(µ,Σ).

i. Write down the joint density function of X1, . . . ,Xn.

ii. Explain in plain language suitable for a layperson the concept of likelihood function
with reference to the above problem. Are there any differences between a joint density
function and likelihood function? Justify your answer.

iii. Derive the maximum likelihood estimates of the mean vector µ and covariance matrix
Σ for the problem stated above. You must show your work to receive credit.

10.) Assume the model is
Y = Xβ + ε,

where X is full rank, Eε = 0,Var(ε) = σ2V , V is a known positive definite matrix. Find
the generalized least-squares estimator of β.
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1.) Let X1, . . . , Xn be a random sample from:

f(x) =
1
θ

, 0 < x < θ
0 , elsewhere

If Yn = X1:n, does Yn have a limiting distribution? If so, what is it?

2.) Let X1, . . . , Xn be a random sample from X ∼ Unif(0, θ), θ > 0.

i. Find the MME of θ. Is it unbiased?

ii. Find the MLE of θ. Is it unbiased?

3.) Let X1, . . . , Xn be a random sample from X ∼ Pois(θ), θ > 0. Find the UMVUE of θ.

4.) In general terms, describe the procedure used to perform the Wilcoxons Signed Ranks
Test when testing for equal means from two dependent populations (i.e. H0 : µD = 0 vs
H1 : µD 6= 0 where µD = mean of the difference “Pre-Post”). If needed, construct a sample
table of data to explain the procedure.

5.) For a completely crossed three-way model, data leads to the following ANOVA table:

Source df SS
A 2 82.7
B 3 218.7
C 2 58.7
AB 6 131.5
AC 4 36.1
BC 6 17.3
Residual 12 35.2
Total 35 580.2

i. If factor A is random and factors B and C are both fixed, write out the expected mean
squares corresponding to each effect in the model.

ii. Compute a test statistic for the main effect of factor B. Provide a critical value for this
test (0.05 level).

iii. Compute a test statistic for the main effect of factor C. Provide a critical value for this
test (0.05 level).
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6.) Prove that rank(X(XTX)−XT ) = rank(X). HINTS:

i. Show that (XTX)−XT is a generalized inverse of X, using the result: If PATA =
QATA, then PAT = QAT .

ii. Show that rank(AA−) = rank(A), using the result: rank(AB) ≤ rank(A).

7.) Consider a linear regression model with three predictors,

Yi = β0 + β1xi1 + β2xi2 + β3xi3 + εi.

i. Construct a corresponding reduced model associated with the null hypothesis H0 :
β2 = β3 = 0.

ii. Using appropriate matrix notation, present an expression for the sum of squares asso-
ciated with the difference between the two models, SS(x2, x3|x1,Mean).

iii. Show that SS(x2, x3|x1,Mean) is distributed independently of the full model error sum
of squares.

iv. Show that SS(x2, x3|x1,Mean) is not distributed independently of the reduced model
error sum of squares.

v. Construct an F-statistic to test H0 : β2 = β3 = 0. Include the distribution of this
statistic.

8.) Assume we have an I × J ×K 3-way contingency table with variables X, Y , and Z.

i. Write down the formula for loglinear model (XY,XZ).

ii. Show that for the model in i, Y and Z are conditionally independent given X.

9.) Multivariate normality

i. Provide a definition of multivariate normality

ii. Describe the steps used to construct a χ2 plot to check for multivariate normality.
Provide as much detail as possible. What would you look for in the finished plot?
When would this plot be a trustworthy diagnostic tool?
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10.) Consider the following equation

yij = β0 + β1x1j + β2x2j + εij, i = 1, 2, 3, j = 1, · · · , n,

which represents the regression model corresponding to an analysis of variance with three
treatments and n observations per treatment. Suppose that the indictor variables x1 and x2
are defined as

x1 =


1 if observation is from treatment 1
−1 if observation is from treatment 2

0 otherwise

x2 =


1 if observation is from treatment 2
−1 if observation is from treatment 3

0 otherwise

i. Show that the relationship between the parameters in the regression and analysis -of-
variance model is

β0 =
µ1 + µ2 + µ3

3
= µ̄

β1 = µ1 − µ̄
β2 = µ2 − µ̄

ii. Write down the y and X matrix.

iii. Develop an appropriate sum of squares for testing the hypothesis H0 : τ1 = τ2 = τ3 = 0.

Note that the model for the one-way analysis of variance is

yij = µ+ τi + εij, i = 1, 2, 3, j = 1, · · · , n.
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1.) Let X1, . . . , Xn be a random sample from:

f(x) =

{
1
θ
, 0 < x < θ

0, elsewhere

If Yn = X1:n, does Yn have a limiting distribution? If so, what is it?

2.) Let X1, . . . , Xn be a random sample from X ∼ Unif(0, θ), θ > 0.

i. Find the MME of θ. Is it unbiased?

ii. Find the MLE of θ. Is it unbiased?

3.) Let X1, . . . , Xn be a random sample from X ∼ Pois(θ), θ > 0. Find the UMVUE of θ.

4.) In general terms, describe the procedure used to perform the Sign Test when testing for
equal means from two dependent populations (i.e. H0 : µD = 0 vs H1 : µd 6= 0 where µD =
mean of the difference “Pre-Post”). If needed, construct a sample table of data to explain
the procedure.

5.) Consider a single-factor fixed effect analysis of variance (ANOVA) model given by

yij = µ+ τi + εij i = 1, 2, . . . , a j = 1, 2, . . . , n

Let yi. represent the total of the observations under ith treatment, ȳi. represent the average
of the observations under the ith treatment, y.. represent grand total for all the observations,
and N = an is the total number of observations.

i. If the total corrected sum of squares is

SSTotal =
a∑
i=1

n∑
j=1

(yij − ȳ..)

derive the fundamental ANOVA identity

SSTotal = SSTreatments + SSError

ii. We are interested in testing the hypothesis of no difference in the treatments:

H0 :τi = τ2 = . . . = τa = 0

H1 :τi 6= 0 for at least one i

The appropriate test statistic

F0 =
SSTreatments/(a− 1)

SS Error/(N−a)
=
MSTreatments

MSError

follows an F -distribution with a− 1 and N − a d.f.

Explain why and when does the ratio of mean squares for treatments and mean squares
for error follow an F -distribution.
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6.) Suppose PV projects onto a vector space V of dimension k.

i. Show that the column space C(PV ) = V .

ii. Show that the rank of PV is k.

7.) Consider a multiple linear regression situation with two predictors x1 and x2. Let
Px denote the projection onto the column space of X = [1|x1|x2], and let Pxi denote the
projection onto the column space of Xi = [1|xi]. Show that the mean-corrected projections
associated with each predictor are orthogonal if either mean-corrected projection is equivalent
to a mean- and predictor-corrected projection:

Pxi − J/n = Px −Pxj ⇒ (Pxi − J/n)(Pxj − J/n) = 0

8.) Consider a contingency table of dimension I × J .

i. Describe what is meant by “multinomial sampling” for such a contingency table.

ii. Under the assumption of multinomial sampling, derive the likelihood ratio statistic for
the test of independence, including degrees of freedom.

9.) Let X1,X2, . . .Xn be a random sample from an Np(µ,Σ) population. Then if X̄ =
1
n

∑n
j=1Xj and S = 1

(n−1)
∑n

j=1(Xj−X̄)(Xj−X̄)′, the test statistic for testing H0 : µ = µ0

against H1 : µ 6= µ0 is Hotelling’s T 2. At α level of significance we reject the null hypothesis
in favor of the alternative if observed

T 2 = n(x̄− µ0)
′S−1(x̄− µ0) >

(n− 1)p

(n− p)
Fp,n−p(α)

where Fp,n−p is a random-variable with an F -distribution with p and n−p degrees of freedom.
Show that T 2 is equivalent to the likelihood ratio test for testing H0 against H1 because

Λ2/n =

(
1 +

T 2

n− 1

)−1
where Λ2/n is called Wilk’s lambda.

10.) Explain what multicollinearity is and identify three ways that we can detect its presence
in a data set.
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1.) Let X1 and X2 be a random sample from X ∼ Unif(0, 1). Find the pdf of Y1 = X1 +X2

using the pdf-to-pdf technique. Hint: Let Y2 = X2.

2.) Let X1, . . . , Xn be a random sample from X ∼ Pois(q) and we want to estimate τ(θ) = θ.

i. Find an unbiased estimator T or τ(θ).

ii. Find the variance of T .

iii. Find the CRLB of τ(θ) = θ.

iv. Is T the UMVUE of τ(θ) = θ? Why or why not?

3.) If X and Y have the joint pdf given by:

f(x, y) =

{
x+ y, 0 < x < 1, 0 < y < 1
0, elsewhere

Find

i. f(x|y)

ii. E[3X|y]

iii. E[XY ]

4.) Compare and contrast the Mann-Whitney (aka Wilcoxon Rank Sum) Test with the
Median Test. Discuss their similarities/differences.
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5.) Consider a situation where a two-stage nested design is applicable. Suppose a company
wishes to determine whether the purity of raw material is the same from each supplier. There
are four batches of raw material available from each supplier, and three determinations of
purity are to be taken from each batch.

i. Explain in words and using a schematic diagram why it is a two-stage nested design.
How does the design differ from a block design?

ii. Suppose, there are a levels of factor A, b levels of factor B, and r replicates. Consider
that the jth level of factor B is nested under the ith level of factor A. Write the
statistical model for the above two-stage nested design. Concisely describe all the
terms used in the model.

iii. Assuming both A and B as random factors, sketch the appropriate ANOVA table show-
ing the sources of variation, degrees of freedom, Sum of Squares (SS), Mean Squares
(MS), Expected Mean Squares (EMS), and the F0 statistic under the null hypotheses.
You do not need to show the formulas for calculating the sum of squares or mean
squares. However, you need to show the expressions for EMS. Always write the null
and alternative hypotheses.

iv. Explain how you would use such an ANOVA table to test your hypotheses?

6.) For the General Linear Model Y = Xβ+ ε, prove that β̂ is a minimizer of the quadratic
form (Y−Xβ)T (Y−Xβ) if and only if Xβ̂ = PXY, where PX is the projection onto the
column space C(X).

7.) Consider the balanced one-factor random effect model,

Yij = µ+ ai + εij,

where i = 1, . . . , I, j = 1, . . . , n, ai ∼ N (0, σ2
a), and εij ∼ N (0, σ2) with all random effects

independent.

i. Derive an expression for the response variance-covariance structure, V.

ii. Show that the GLS estimator for µ is equivalent to the OLS estimator, Ȳ...

(HINT: Use (I + γJ)−1 = (I− γ
1+nγ

J).)
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8.) Show that a Generalized Linear Model (GLM) response has variance that depends on
the mean. Specifically, consider the log-likelihood corresponding to a response from the
exponential family,

l(θ, φ;Y ) =
Y θ − b(θ)
a(φ)

+ c(Y, φ),

where b(), a(), and c() are scalar functions.

i. Show that E[Y ] = b′(θ). (HINT: Use E
[
∂l
∂θ

]
= 0.)

ii. Show that Var(Y ) = b′′(θ)a(φ). (HINT: Use E
[
∂2l
∂θ2

]
= −E

[(
∂l
∂θ

)2]
.)

9.) Consider the p×1 vectors X1, . . . ,Xn representing a random sample from a multivariate
normal population with mean vector µ and covariance matrix Σ. Suppose X1, . . . ,Xn are
mutually independent and each with distribution Np(µ,Σ).

i. Write down the joint density function of X1, . . . ,Xn.

ii. Explain in plain language suitable for a layperson the concept of likelihood function
with reference to the above problem. Are there any differences between a joint density
function and likelihood function? Justify your answer.

iii. Derive the maximum likelihood estimates of the mean vector µ and covariance matrix
Σ for the problem stated above. You must show your work to receive credit.

10.) Consider the simple linear regression model

yi = β0 + β1xi + εi,

where V ar(εi) = σ2x2
i .

i. Suppose that we use the transformation y′ = y/x, and x′ = 1/x. Is this a variance
stabilizing transformation?

ii. What are the relationship between the parameters in the original and transformed
models?

iii. Suppose we use the method of weighted least squares with wi = 1/x2
i . Is this equivalent

to the transformation introduced in part a? Explain why.
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1.) Let X1, X2, . . . , X10 be a random sample from X ∼ Gam(θ = 8, κ = 6). Find the pdf of
Y = 4X1 + 4X2 + . . . 4X10.

2.) Let X1, . . . , xn be a random sample from X ∼ Pois(θ) and we want to estimate τ(θ) = θ.

i. Find an unbiased estimator T of τ(θ).

ii. Find the variance of T .

iii. Find the CRLB τ(θ) = θ.

iv. Is T the UMVUE of τ(θ) = θ? Why or why not?

3.) If X and Y have the joint pdf given by:

f(x, y) =

{
x+ y, 0 < x < 1, 0 < y < 1
0, elsewhere

Find

i. f(x|y)

ii. E[3X|y]

iii. E[XY ]

4.) Often times in practice, we are focused on the nature of a population distribution func-
tion. For example, the validity of a parametric test depends on the shape of the population
from which the sample was drawn. When we do not know the functional form of the pop-
ulation, we first want to test whether the population of interest is likely to be distributed
according to the assumptions underlying the proposed parametric procedure. Identify three
nonparametric procedures that test if a sample has been drawn from a population that is
normally distributed. Discuss the advantages and disadvantages of these three tests.
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5.) An experimenter is studying the effects of five different formulations of a rocket propel-
lant used in aircrew escape systes on the observed burning rate. Each formulation is mixed
from a batch of raw material that is only large enough for five formulations to be tested.
Furthermore, the formulations are prepared by several operators, and there may be substan-
tial differences in the skills and experience of the operators. Thus, it would seem that there
are two nuisance factors to be “averaged out” in the design.

The data are given in the table below.

Table 1: Data for the rocket propellant problem
Batches of Operators

Raw materials 1 2 3 4 5
1 A=24 B=20 C=19 D=24 E=24
2 B=17 C=24 D=30 E=27 A=36
3 C=18 D=38 E=26 A=27 B=21
4 D=26 E=31 A=26 B=23 C=22
5 E=22 A=30 B=20 C=29 D=31

Answer the following questions.

i. What is the name of this design?

ii. There are two nuisance factors to be “averaged out” in the design. What are those?

iii. The total corrected sum of squares for this experiment, SST is 676. Calculate the
necessary sum of squares.

iv. State the hypothesis, and construct the analysis of variance table including the calcu-
lated F -statistic. Comment on the results.

6.) Consider the linear model Y = Xβ + ε, where E[ε] = 0 and Cov(ε) = σ2V, with X full
rank and V positive definite.

i. Explain why Ordinary Least Squares (OLS) is not appropriate for this model.

ii. Show that the Generalized Least Squares (GLS) estimator is given by

β̂GLS = (XTV−1X)−1XTV−1Y.

(HINT: Z = Q−1Y.)

7.) Consider the General Linear Mixed Model Y = Xβ+ Zu+ ε, where Cov(u) = G = σ2
uI

and Cov(ε) = σ2I. The BLUP for u is given by

û = GZTV−1(Y−Xβ̂),

where V = Cov(Y) and β̂ indicates GLS estimators for β. Prove the “U” in BLUP. That
is, prove that

E[û− u] = 0.
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8.) Consider the following presentation of the Negative Binomial pdf, where Y is the number
of events before r non-events, and π is the probability of an event for each trial,

f(Y ; r, π) =

(
Y + r − 1

Y

)
πY (1− π)r.

i. Write this pdf in the general exponential family form, identifying the canonical param-
eter θ and the three scalar functions b(θ), a(φ), and c(Y, φ).

f(Y ; θ, φ) = e(
Y θ−b(θ)
a(φ)

+c(Y,φ))

ii. Use these functions to derive the expectation E[Y ] and the variance Var(Y ) of a Neg-
ative Binomial random variable. (HINT: Use b(θ).)

9.) Suppose y is N4(µ,Σ), with

µ =


−2

3
−1

5

 Σ =


11 −8 3 9
−8 9 −3 −6

3 −3 2 2
9 −6 3 9


Answer the following questions.

i. Find the distribution of z = 4y1 − 2y2 + y3 − 3y4.

ii. Find the joint distribution of z1 = 3y1 + y2 − 4y3 − y4, z2 = −y1 − 3y2 + y3 − 2y4,
z3 = 2y1 + 2y2 + 4y3 − 5y4.

iii. What is the distribution of (y − µ)′Σ−1(y − µ) ?

iv. Is y1 and y2 independent? Justify.

10.) For the simple linear regression model, show that the elements of the hat matrix are

hij =
1

n
+

(xi − x̄)(xj − x̄)

Sxx
and hii =

1

n
+

(xi − x̄)2

Sxx
.

Discuss the behavior of these quantities as xi moves farther from x̄.
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1.) Let X1 and X2 be a random sample of size 2 from a Poison distribution with mean λ.

i. Find distribution of X1 +X2.

ii. Find conditional distribution of X1 +X2 given that X1 > 0.

iii. Compute P (X1 ≤ 3|X2 ≤ 5).

iv. Show that V ar(X1 +X2) ≥ V ar[E(X1 +X2|X1)]

2.) Let X1, . . . , Xn be a random sample from Xi ∼ UNIF (0, θ), θ > 0.

i. Find the MME of θ. Is it unbiased?

ii. Find the MLE of θ. Is it unbiased?

3.) Let X1, X2, . . . , X5 be a random sample from Xi ∼ Poi(θ), Find the UMP size α = 0.05
test for H0 : θ = 1 versus H1 : θ > 1. Identify the test statistic and the corresponding critical
value for this test. Also, find π(θ = 3).

4.) Often times in practice, we are focused on the nature of a population distribution func-
tion. For example, the validity of a parametric test depends on the shape of the population
from which the sample was drawn. When we do not know the functional form of the pop-
ulation, we first want to test whether the population of interest is likely to be distributed
according to the assumptions underlying the proposed parametric procedure. Identify three
nonparametric procedures that test if a sample has been drawn from a population that is
normally distributed. Discuss the advantages and disadvantages of these three tests.

5.) Suppose you are interested in designing an experiment in which you would like to control
two nuisance sources of variation. Propose a design and justify your selection. Your answer
must address the following points:

i. Provide a list of factors and the outcome variable appropriate for this design. You do
not have to give a real example. You may use notations such as A, B etc. to denote
factors and Y to denote the outcome variable.

ii. What particular design would you choose and why?

iii. Write the statistical model appropriate for the proposed design and identify its com-
ponents.

iv. Provide the list of assumptions necessary for the model you consider in this study.

v. Sketch the ANOVA table showing the columns: sources of variation, df, SS, MS, and
F.
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6.) Consider the two-factor balanced additive random-effects model without interaction,

Yijk = µ+ ai + bj + εijk

i = 1, 2, j = 1, 2, k = 1, 2.

Suppose εijk are iid N(0, σ2) variables, ai are iid N(0, σ2
a) variables, bi are iid N(0, σ2

b )
variables, Cov(εijk, ai) = 0, Cov(εijk, bj) = 0, and Cov(ai, bj) = 0.

i. Write this model in the General Linear Mixed Model form Y = Xβ +Zu+ ε.

ii. Find an expression for V = Cov(Y ).

7.) Let x ∼ Nn(µ1n, σ
2In).

i. Find the distributions of x̄ = 1
n

n∑
i=1

xi and Q =
n∑
i

(xi − x̄)2.

ii. Show Q and X̄ are independent.

8.) Consider an I × J contingency table under the assumption of Multinomial sampling;
that is, all cells are jointly distributed according to a multinomial distribution.

i. Using notation to represent cell, row, and column probabilities, state the null and
alternative hypotheses for the Test of Independence.

ii. Derive the formula for the likelihood ratio test statistic, G2. (HINT: l(π,n) = n++!
n11!...nIJ !

Πi,jπ
nij

ij .)

9.) Let X1, . . . ,Xn be a random sample from a distribution with mean vector µ and covari-
ance matrix Σ.

(a) Show that X̄ is an unbiased estimator for µ

(b) Let Sn denote the sample covariance matrix. Show that nSn

n−1
is an unbiased estimator

for Σ.

(c) Is E[tr(Sn)] = tr(Σ)? Justify your answer.

(d) Is it true that Σ is always positive definite matrix? Justify your answer.

10.) Consider the following two multiple linear regression models, with E(ε) = 0 and
var(ε) = σ2I,

Model A: y = X1β1 + ε,
Model B: y = X1β1 +X2β2 + ε.

Show that R2
A ≤ R2

B.
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