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Introduction

My research is in the fields of integrable hierarchies and soliton equations, WDV'V (or associativity) equations
and Frobenius manifolds. 1 will first give a brief overview of those subjects, paying special attention to the
relationships between them, and then describe my previous results and projects I am currently working on.

Soliton Equations and Integrable Hierarchies The origins of the theory of soliton equations can be
traced back to the month of August 1834, when John Scott Russell first observed the curious phenomena of
the Great Wave of Translation (or the Great Solitary Wave) on the English-Glasgow canal [Rus44]:

“...I was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair of
horses, when the boat suddenly stopped — not so the mass of water in the channel which it had put in
motion; it accumulated round the prow of the vessel in a state of violent agitation, then suddenly leaving
it behind, rolled forward with great velocity, assuming the form of a large solitary evolution, a rounded,
smooth, and well-defined heap of water, which continued its course along the channel apparently without
change of form or dimunition of speed...”.

But although mathematical description of this phenomena was studied by de Boussinesq [dB72], Rayleigh and
others in the end of the XIX century, and the famous KdV equation describing the propagation of waves on the
surface of a shallow channel was obtained by Kortweg and de Vries in 1895 [KdV95], there was little progress
made in understanding the nature of the solitary wave until 1966 when, in the attempt to understand the
results of the famous Fermi—Pasta—Ulam experiment [FPU74], C. Gardner, J. Green, M. Kruskal, and R. Miura
found the Inverse Scattering Transform method for integrating the KdV equation [GGKM67] and the theory
of soliton equations was born. Since then, many important equations of mathematical physics (Kadomtsev—
Petviashvili or KP, Boussinesq, sine-Gordon, Toda Lattice, Non-Linear Schrédinger or NLS, and others) were
represented in the soliton framework. Moreover, each of these classical equations is usually just a first member
in the infinite tower of equations called the hierarchy. Soliton equations are remarkable in many aspects.
For example, they have infinitely many conserved quantities (integrals of motion), and thus are examples of
completely integrable systems. These equations are non-linear, but it is still possible to find exact analytic
solutions. Some of these solutions, the so-called N-solitons, look like localized waves and satisfy a non-linear
superposition principle (or non-elastic scattering) — when two such solutions meet, they undergo a complicated
non-linear interaction, but emerge from it undamaged, i.e., they behave both like waves and like particles (this
property of solitons motivated their use in fiber-optic communications). To me the most interesting aspect is the
ubiquity of soliton equations and hidden relationships between many different branches of science, from classical
differential geometry of the XIX century to latest advances in modern theoretical physics, that they help to
uncover. [ am particularly interested in the relationship between soliton equations and algebraic geometry.
This relationship stems from the fact that soliton equations can be represented as a compatibility conditions for
auziliary overdetermined linear systems. This property of soliton equations was discovered by P. Lax [Lax68]
and is now called the Lax representation. The main ideas of the algebro-geometric method were developed in
a series of papers by S. Novikov [Nov74], B. Dubrovin [DN74], V. Matveev, A. Its [IM75], I. Krichever [Kri77],
H. McKean, and P. van Moerbeke[MvM75] and can be roughly described as follows. One constructs special
kind of functions Vg4, called the Baker-Akhiezer functions, whose properties ensure that they are solutions
for the auxiliary linear problems of the Lax form. These linear problems are then compatible (since Up4 is a
solution), and so one obtains solutions to the corresponding soliton equations. Baker-Akhiezer functions are
constructed by means of algebraic geometry. One starts with a Riemann surface I' of genus g and a collection
of n points on I' (together with local coordinates around these points). Out of this algebro-geometric data one
constructs meromorphic functions on I' that have prescribed essential singularities at selected points — the
Baker-Akhiezer functions. The resulting formulas for the solutions of the soliton equations are known as the
theta-function formulas, since they are expressed in terms of Riemann 6-function. Note that we in fact get a
relationship between the moduli space of Riemann surfaces M, , with some extra data and a moduli space of
periodic and quasi-periodic solutions of soliton equations. This relationship turned out to be very deep and it
had a lot of impact on algebraic geometry. I shall mention two famous examples.
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Riemann—Schottky Problem and Novikov’s conjecture It is well-known that not every Riemann -function
is associated with a Riemann surface. The Schottky problem is a problem of determining if a given #-function
actually is coming from a Riemann surface. Novikov suggested that this happens if and only if it produces
solutions to the KP equation! This amazing result was later proved by T. Shiota [Shi86].

Witten’s Conjecture Moduli spaces of curves My, M, ,,, and the like are important objects of study in
classical algebraic geometry. Recent developments in String Theory and Quantum Field Theory attracted to
these spaces the attention of physicists. Based on the ideas from the theory of two-dimensional quantum gravity,
E. Witten suggested in [Wit91] that the intersection theory on the moduli space M, ,, (such theory carries a
lot of information about the structure of M, ,,) is completely determined by the 7-function of a KdV hierarchy.
This conjecture was later proved by M. Kontsevich [Kon92].

Whitham Hierarchies Recently a new type of integrable hierarchies began moving into the spotlight. These
hierarchies can be thought of as quasi-classical limits of classical integrable hierarchies [TT95], and are called
dispersionless or Whitham hierarchies. Equations of the hierarchy are called Whitham (or modulation) equa-
tions. From the algebro-geometric point of view these equations appear in the theory of perturbations of exact
algebro-geometric solutions of soliton equations by the non-linear WKB (or Whitham averaging) method and
describe the “slow drift” (Whitham flow) on the moduli space of algebro-geometric data necessary to ensure
the solvability of the perturbed problem by means of asymptotic expansion. These equations have a certain
“universal” structure and can be described just in terms of algebro-geometric data: each Whitham flow on the
moduli can be generated by a corresponding differentials df2; on the universal curve; this approach to Whitham
hierarchies was suggested in [Kri94]. Whitham equations began to attract more attention recently in view of
their connection to the Seiberg- Witten equations of the string theory [BK00] and to the WDVV equations of
the topological field theory.

WDYVYV equations and the Frobenius manifolds WDVYV or associativity equations appeared in the work
of E. Witten, R. Dijkgraaf, E. Verlinde, and H. Verlinde ([DVV91b, DVV91la, Wit90] on the deformations of
2D topological field theories (TFT). One can show that the structure of TFT is equivalent to a structure of
a Frobenius algebra A, i.e., a commutative associative algebra with a unit and a symmetric non-degenerate
bilinear form 7 such that n(a * b,d) = n(a,b*d). Let {¢,} be a basis of A (¢, correspond to primary fields
in TFT) and let o = 7(¢a, 93), Capy = N(Pa,Ps * ¢). Consider deformations of this structure coupled to
the primary fields: to each ¢, corresponds a deformation parameter t,. If there exists a function F(t) such
that 743 = OpapF(t) remains constant and cap(t) = Jap,F(t), then this deformation is called potential and
the function F is called the WDVV potential. Then the WDVV equations is the following overdetermined non-
linear system of partial differential equations expressing the associativity conditions for the deformed algebra
structure:

faﬁ)\(fO)\;L)_lfpfy& = f&@)\(fO)\u)_lfu'ya' (WDVV)

Geometric and coordinate-free approach to the theory of the WDVV equations was introduced by B. Dubrovin
in [Dub96a] and is now called a theory of Frobenius manifolds. Frobenius manifolds have a very rich structure
and are related to many diverse branches of mathematics, from the very classical ones (Darboux-Egoroff metrics,
n-orthogonal curvilinear coordinate systems, unfolding of singularities, Painlevé equations) to the very modern
(quantum cohomology, Gromov-Witten invariants, integrable hierarchies, the Seiberg-Witten equations). A
large class of solutions to the WDVV equations corresponding to the Landau-Ginzburg theories and minimal
models can be obtained from the theory of Whitham hierarchies. For a very simple and beautiful example of
the A,, minimal model, a Frobenius algebra structure is defined on the space of degree n — 2 polynomials in p

with the help of the so-called superpotential W (p) = % by

u*v =u(p)v(p) mod W'(p),

(uv) = — rese, u(p)v(p) "

W'(p)
A Frobenius algebra structure is then deformed by deforming the superpotential W. The closed expression
for the corresponding WDVV potential F(t) was identified by I. Krichever [Kri92] with the logarithm of the
7-function of a certain reduction of the genus zero Whitham hierarchy. My main previous result is the extension
of this correspondence to the curves of higher genus.
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Previous Results

Consider a large class of finite-dimensional solutions to the Whitham hierarchy called algebraic orbits. These
solutions can be constructed as follows. One starts with a finite dimensional moduli space, called the universal
configuration space, that consists of a curve I of genus g, punctures P,, and a pair of Abelian integrals F and
Q. Then one defines special coordinates on this space (Whitham times), picks up a leaf defined by fixing some
of them, and maps this leaf to the moduli space of algebro-geometric data in such a way that coordinate lines
go to Whitham flows. All the information about an algebraic orbit can be encoded in a single function 7(t)
depending only on the moduli. This function is called the 7-function of an algebraic orbit. In the genus zero
case Abelian integrals become polynomials, and if we choose an algebraic orbit with Q = p, then E can be
identified (up to normalization) with the superpotential W, Q; define a basis of the corresponding Frobenius
algebra, Whitham times ¢; give flat coordinates on the orbit, and F(t) = log 7(t) is a WDVV potential. This
approach can be generalized to moduli spaces of curves of higher genus. One new feature of a higher genus case
is a more complicated topology of the moduli space. As a result, the hierarchy has to be extended to include
certain (multivalued) differentials d24 that generate additional Whitham flows. Another important aspect is
the choice of the normalization. Namely, in the genus zero case differentials df2; are completely determined by
their expansions in the neighborhoods of marked points P,. In the higher genus case these conditions define
d); only up to a holomorphic differential. This ambiguity is fixed by introducing a normalization condition.
There are two main choices — real normalization, which is defined by & [fc in] = 0 Ve € Hi(I'y,Z) and
complex normalization (or normalization w.r.t. a-cycles). Complex normalization requires making a choice of
a canonical basis B of cycles in the homology of I'; and is then defined by fak dQ); = 0 Vai € B. The Whitham
equations were originally derived in [Kri88] for real-normalized differentials. However, after the relationship
between Whitham equations and WDVV equations was found in [Kri92] and [Dub92], the focus shifted to
the complex normalization condition [Kri94]. There were two main reasons for this. First, in the complex-
normalized case the 7-function is holomorphic, which is important for string theory applications. Second,
the derivation of the expression for the 7-function relied on the Riemann bilinear identities. Corresponding
identities for real normalized differentials are technically more complicated. However, complex normalization
has certain disadvantages. In particular, it is well-defined only on the extended moduli space that incorporates
the choice of a canonical basis B into moduli data. In [Dzh00] I develop the real-normalization version of the
above approach for a single puncture case. A corresponding algebraic orbit is defined by picking up a real leaf
in the universal configuration space, introducing Whitham coordinates on this leaf and then mapping it into the
moduli space in such a way that the resulting differentials are real-normalized. Then I prove the real-normalized
version of the Riemann bilinear identities (generalized to multivalued differentials). Using these identities I find
the explicit formula for the 7-function of an algebraic orbit and prove that its logarithm F'(t) = log7(t). gives
a solution to the WDVV equations and so defines a Frobenius manifold.

Current research

7-function for Analytic Curves My main research interest at present is yet another unexpected link
between the theory of integrable hierarchies and some very classical problems in complex analysis and potential
theory. This link was recently discovered in a series of papers by P. Wiegnamm, A. Zabrodin, and their
collaborators ([WZ00], [Zab01], [KKMW01]) and it has its origin in the Laplacian growth problem describing
the motion of the interface front between two incompressible fluids of different viscosities, like oil and water. If
the fluids are confined to the Hele-Shaw cell (see, for example, [Pel88]), the problem becomes two-dimensional
and can be studied by means of compler analysis. Mathematically, it can be described as follows.

Consider a simply-connected domain D C C bounded by a simple closed curve v and denote by D¢ C C its
complement (on the Riemann sphere). We assume that 0 € D and co € D°. The harmonic moments of the
domain are then defined by

_ —k
to = lArea(D) = 1 // 1dA, t, = -1 // cZ_ dA, v = 1 // 2P dA,
7r T JJp 0 ek ™ JJp

where the moments ¢ are called exterior and the moments vy are called interior. If both sets of moments are
known, the domain can be easily reconstructed (e.g., using Green’s theorem we can easily see that ¢; and v are
just coefficients in the Laurent series expansion of the Schwarz function S(z) of the curve 7). But in fact either
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set of moments can be used to (locally) characterize the domain. Let us assume that we know the harmonic
moments of the exterior t = {t;}72, and consider the following three closely related problems:

e Richardson’s Moment Problem (or, equivalently, as The Inverse Problem of 2D Potential Theory): Recon-
struct D (or D€) from its harmonic moments. Alternatively, determine the interior moments vy = vg(t).

e Riemann’s Mapping Problem: Find a conformal map w = w(z) of the exterior domain D¢ in the z-plane
to the exterior of the unit disk in the w-plane (such a map exists by Riemann’s Theorem)

e Dirichlet Boundary Value Problem: Find Green’s function G(z1, z2) of the Laplace operator in D€.

It turns out that all these questions can be explicitly answered in terms of a single function F(t) as follows.
Let us first introduce the D-operator:

—k B z—k B
D(z)=) 7 0u, D(2) = > =0k, D(2,2) =0, +D(2) + D(2).

k>1 k>1
Then we have:

[ ] Uk(t) = %(t)

o w(z;t) =zexp (—307 F(t) — 9, D(2)F(t)) .
o G(z1,29;t) =log |zf1 — z;l| + %D(zl, z1)D(z2, 22) F(t).

The very surprising fact is that this function F(t) satisfies the Hirota equations of the dispersionless Toda
hierarchy, and therefore can be identified with the logarithm of the 7-function of this hierarchy. This corre-
spondence uncovers the hidden integrable structure of the problem and identifies the dispersionless limit of
the first Lax operator L of the 2D Toda hierarchy with z(w), and the dispersionless limit of the second Lax
operator L with S(z(w)). In particular, we can see that the evolution of the conformal map z(w) w.r.t. tj is
Hamiltonian. The dispersionless Toda hierarchy is just a particular example of a Whitham hierarchy for a genus
zero curve with two punctures. In this formalism the moments ¢; are just Whitham times of the hierarchy.
For multiply-connected domains we have to consider curves of higher genus. It is important to note that the
normalization of the corresponding Whitham differentials has to be the same one as the one considered in my
previous work. I am particularly interested in the following questions:

e Construction of explicit examples. Such examples allow one to compute the 7-function explicitly for some
variables. In particular it is interesting to construct examples of ring-type domains corresponding to the
elliptic curves.

e Study of the behavior of the 7-function when the boundary curves develops a singularity. In particular
it is interesting to see if there are solutions that model the observable phenomena, like Saffman-Taylor
fingering and pattern formation.

e Relationship with the classical Toda hierarchy.

Isomonodromy equations Another project that I am currently working on is the extension of the theory of
isomonodromy equations to the higher genus curves. For genus zero case the study of such equations began in
the works of R. Fuchs [Fuc07], P. Painlevé [Pai76], R. Garnier [Gar26], L. Schlesinger[Sch12], and others at the
beginning of the XIX century, and more recently by M. Jimba, T. Miwa, and K. Ueno [JMUS81]. Let A be a flat
meromorphic connection on a rank r vector bundle V' on a curve I'. For simplicity assume that A is logarithmic,
i.e., that all its singularities are simple poles z1,...,z,. Let e be a frame for V' at some chosen basepoint
bo. The choice of A allows us to parallel-translate e along any loop v € I', {z1,...,2,}. The new frame e,
obtained in such way differs from e by a multiplication by a non-degenerate matrix C, € GL(r,C) = Aut(V).
In this way we get the monodromy map that puts in correspondence to a connection A its monodromy data
My m(T —{z1,...,2,},b0) — GL(r,C) = Aut(V) (modulo conjugation). For connections that are not
logarithmic monodromy data has to be modified to include the so-called Stokes matrices. Isomonodromic
deformation is a deformation of a connection A that preserves its monodromy data M ,4. Isomonodromic
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equations are very interesting and important. Special classes of such equations are Schlesinger and Painlevé
equations, whose relation with soliton theory is well-known, [IN86]. Also, in [Dub96b] B. Dubrovin used
monodromy data to to classify a large class of Frobenius manifolds. Isomonodromic equations were recently
considered from the point of view of the Whitham theory in [Tak98]. In addition, recently an interpretation of
the isomonodromic equations as classical limits of the Knizhnik—Zamolodchikov—Bernard equations of Conformal
Field Theory was considered in [LO99]. Unfortunately, most of the previous results are obtained for rational
curves. Recently a new approach to these equations was suggested in [Kri]. It is based on the notion of
Tyurin parameters. For a non-trivial vector bundle V' on a curve I' one can not take a basis of some fiber V;,
and extend it to the whole I' — there will be a number of points where this basis will degenerate. Tyurin
parameters [Tju67] are parameters describing these degenerations. It turns out that all important objects that
we are interested in — the bundle itself, the connection A, etc., can be explicitly described in terms of Tyurin
parameters. In particular, it is possible to give a Laz representation of the isomonodromic deformations. Such
an approach should be compared to a more traditional approach to these classes of problems, suggested by
Hitchin [Hit87]. Following Hitchin, one starts with a free Hamiltonian theory, reduces it by some group action,
and then constructs the Lax representation. We are going in the opposite direction — the Lax representation is
the starting point, and the Hamiltonian aspects of the theory are then obtained with the help of a very general
Hamiltonian theory of soliton equations constructed with the help of Baker-Akhiezer functions [KP98],[KP97].
This approach was recently successfully used by Krichever [Kri01] to construct an explicit parameterization of
Hitchin systems in terms of Tyurin parameters. Note that isomonodromic deformations can be considered as
the Whitham deformations of Hitchin systems. By such change of a viewpoint I hope to avoid certain difficulties
of the traditional approach and get a better insight of what happens in the genus g > 0 case. I am mostly
interested in constructing concrete examples. In particular, it will be very interesting to see what is a correct
version of the famous Painlevé equations in the higher genus case.
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